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H i
Ait 'T'oV""
"hi  s d i s s e r t a t i  m i s  c o n c e r n e d  w i t h  e v o l u :  i n n  s y s -  
' "ms a nd  s o l u t i o n s  t o  t h e  e v o l u t i o n  e q u a t i o n
U ' i t  ; r A t  i U ; t  N , U ( S : - X,
w1: • i A i ' t ' t  i s  a  P a in i ly  < >f . n o n l i n e a r ,  mult ,  i -  v a l u e d
■ n i :  ;■!■:; w i t h  ,nun* >n d o m a i n  'h on a  r e a l  ' eunuch s p a c e  .
.•a show , han  a i d e r  c e r t a i n  c on d . i t , i o n s  on ( A i t ) } ,  a
l ' - e a i  e v o l u t i o n  s y s t e m  c a n  !>e c o n s t r u c t e d  by u s i n g  t h e  
m e t h o d  o f  t r e d a c t  i n t e g r a t i o n .
■ f  i s  u n i f o r m l y  c o n v e x  we p r o v e  two e x i s t e n c e  
a n d  u n i q u e n e s s  *. h o o r e m s  f o r  t h e  a b o v e  e v o l u t i o n  e q u a t i o n ,  
. h e  f i r s t  is. a g e . n e r u l i s a t i  on o f  a  known r e s u l t ,  and  t h e  
s e c o n d  i s  •; t h e o a b o u t  o p e r a t o r s  w h i c h  h a v e  t h e i r  d o m a i n  
d e co m p o s e d  i n t o  a n o n - d e c r e a s i n g  s e q u e n c e  o f  s o t s .
i v
I N ' i ' R O n i U ' T L O N
I n  » !. L n p a p e r  w- • dr  f  Lrv.- a nd  c o n s t  r u r t  a 1 or«al  p v o -
l.u» L> 11 s y s t e m  I M ( ? , ;•) ) f ro m a f a m i l y  o f  n o n l i n e a r ,  m ul t  1-
■.a lurd  o p e r a t o r s  { A ( t.) } w i t h  'crmnon d omai n  D, in a  r e a L  
(■'anaoh spa ' - e  X. I n  p a r t i c u l a r ,  i n  C h a p t e r - I I  we show t h a t  
♦ h e r e  i s  a f a m i l y  o f  o p e r a t o r s  {U( t , m ) } w i t h  d o m a i n s  
f D( t , s ) } r a t i d y i n g :
U ( t , s ) : D ( t , s ) -» D,
D c  s ^ D ( t  , s )  f o r  e a c h  s ,
D ( t , r )  c  D ( s , r )  f o r  r  <_ s _< t ,
II ( t . , t ) x = x f o r  x e D ( t , t )  13 D, a nd  
U ( s , r ) D ( t , r )  c  D ( t , s )  and  U ( t , s ) U ( s , r )  zj L J ( t , r ) .
I d  p r o v e  t h e  e x i s t e n c e  o f  f i ' ( t , s ) }  by s h o w i n g  t h a t
I im IT*'(I -  A d A ( d ) )  1x e x i s t s  f o r  x r D, w h e r e  " l i m "
i ^ n o ' e s  t h e  r e f i n e m e n t  l i m i t .  When t h i s  l i m i t ,  e x i s t s  i t  
i s  c a l l e d  t h e  p r o d u c t  i n t e g r a l ,  and  U ( t , s ) x  i s  d e f i n e d  t o  
be  t h i s  p r o d u c t  i n t e g r a l .
1
s o l a ’ - d ; - r  . lfitio n a v e  b e e n  s t u d  Led i y m u i . c m u s  a u -
. a v . , and  : t, i sr. o n l y  a  f e w .  ' n  19( a ,  Ka t o  [ l b ]
• .-alt, w! t n  Mr ' t>f l i n e a r  ( A ( t ) j .  i n  1'-X'7, he  e x t e n d e d
*
' -. i w e r K  ' h o  r a n  l i n e a r  c a s e ,  b u t  r e q u i r e d  t h a t  X be 
' <:. i f o r m l y  o r .  ■■■:■.. Webb [ . ’X ] i n  1 97 0  t r e a t e d  t h e  n o n l i n e a r  
; n :  e o t . i ; . ua u : ;  _ t  > ] . In 1971 C r a n d a l l  an d  Paxy  [ C] ,  a nd  
i n  197 S i l ' n t  'hi e o n d i d e r e d  t h e  c a s e  o f  n o n l i n e a r ,  m u l t i ­
v a l u e d  'A ■ ■ 1 i n a g e n e r a l  d a n a c h  s p a c e .  b o t h  C r a n d a l l  
■ ■ nd Poxy ,  and  ! l a n t  a s s u m e  t h a t  T> c  Ĥ  L -  XA( t ) )  f o r  s m a l l  
; ■ x;l  t i  r e  A, w h e r e a s  we a s s um e  t h e  l o c a l  c o n d i t i o n  t h a t  
r e a c h  x •- . t h e r e  i s  a  b a l l  \ x , r ^  s o  t h a t  P ^x,  r )  0 h 
is, c o n t a i n e d  i n  P ; i  -  X A ( t ) 'i f o r  s m a l l  X. T h i s  i s  c a l l e d  
' oi idi? i o n  i n  t h e  p a p c ' r .
si ' h a p t e r  M ; we c o n s i d e r  t h e  t i m e  d e p e n d e n t  e v o ­
l u t i o n  e q u a t i o n
U ' ^ t )  r  A [ t ) u ( t ) ,  u ^ s )  ^ X,
*
a n d  p r o v e  t h a t  when X i s  u n i f o r m l y  c o n v e x ,  a  s t r o n g  s o ­
l u t i o n  e x i s t s  on  [ s ,  T] i f  t A ( t )} s a t i s f i e s  c e r t a i n  c o n ­
d i t i o n s .  T h i s  r e s u l t  i s  a  g e n e r a l i s a t i o n  o f  t h e  w o r k  o f  
IJr e s i s  a n d  P a s y  [ 1 ]  t o  t h e  t i m e  d e p e n d e n t  c a s e .
In  C h a p t e r  IV we d e f i n e  w h a t  i t  means  t o  s a y  t h a t  u 
is, a s o l u t i o n  o f
u ' ( t )  e A _ t ) u ; t ) ,  u ( 0 )  = x ,
w i t h  r e s p e c t  t o  [ w h e r e  (Dn ) i s  a  n o n - d e c r e a s i n g
3
r . " q u e n c e  o f  s e t s  whos e  u n i o n  i s  !). We show t h a t  s u c h
*
s o l u t i o n s  a r e  u n i q u e .  We a l s o  p r o v e  t h a t  i f  X i s  u n i ­
f o r m l y  c o n v e x ,  t h e n  t h e r e  e x i s t s  s o l u t i o n s  w i t h  r e s p e c t  
t o  !':') } u n d e r  c e r t a i n  a s s u m p t i o n s  on l A i t i j .  S o l u t i o n s  t o  
s h e  e v o l u t i o n  e q u a t i o n  i n  t h i s  c h a p t e r  a r e  l o c a l  s o l u t i o n s .
' ' h a p t e r  ' c o n t a i n s  known r e s u l t s ,  p r e l i m i n a r y  d e f ­
i n i t i o n s ,  a n d  n o t a t i o n s  w h i c h  a r e  u s e d  i n  t h e  s e q u e l .  The 
A p p e n d i x  c o n t a i n s  t h e  p r o o f s  o f  some a l g e b r a i c  i d e n t i t i e s  
n e e d e d  i n  C h a p t e r  I I .
c h a ; t o r  i
PRELI M i EAR i K. >
i n  t h i s  c h a p t e r  we c o l l e c t  some b a s i c  d e f i n i t i o n s  
e l e m e n t a r y  f a c t s ,  known t h e o r e m s ,  a n d  some n o t a t i o n s  
w h i c h  w i l l  be u s e d  i n  t h e  s e q u e l .  Most  o f  t h e  i t e m s  
f o u n d  i n  t h i s  c h a p t e r  a r e  s t a n d a r d  a n d  a p p e a r  i n  t h e  
e x i s t i n g  l i t e r a t u r e .  f e e ,  f o r  e x a m p l e ,  { 1 J , [ 4 ] ,  Lr R ] ,  
[ 1 0 ] ,  [ 1 4 ] ,  I I P ] , en d  [ 03] .
T h r o u g h o u t  t h e  p a p e r  X w i l l  d e n o t e  a  r e a l  R an a ch  
s p a c e  w i t h  norm || | | .
M u l t i - v a l u e d  O p e r a t o r s
D e f i n i t i o n  1 . 1 : I f  A a s s i g n s  t o  e a c h  xeX,  a s u b s e t
Ax, c o n t a i n e d  i n  X, t h e n  A w i l l  be  c a l l e d  a m u l t i - v a l u e d  
o p e r a t o r  i n  X. The d o m a i n  o f  A, D( A) ,  i s  t h e  s e t  
xrX ; Ax /  0 } .  The r a n g e  o f  A, R( A) ,  i s  t h e  s e t
U Axx e D (A )
We w r i t e  AO o r  A. 0 1 f o r  U Ax, 0 c  X.  f o r  s u b s e t sv x e f  ’
b
-j . d e n o t e s  t h e  n o t  i x t y  : Xf y r d 0 j .
• ' o ■ ■■ ■ , 0 t h e n  ■' ; 'M 0 .  F o r  a  s c a l a r  \
an d  a s u  b : a ’ ^  \  d e n o t e s  t h e  s e t  * \ x  ; x e , ' ) .
1 ’>*f’l j .j t  i on 1 . .  : F o r  two m u l t i - v a l u e d  o p e r a t o r s ,  A 
•■ad Ln X, we d e f i n e  t h e i r  sum, p r o d u c t ,  a nd  m u l t i p l i c a t  Lon 
hy a s c a l a  r r e s p o c  t  i v e l y  a s  f o l l o w s :
A • ' x •- Ax • Hx, D ( A +: • ) -  D: A) 0 r ^ h )
A- !x A' x ' 1, - "xcD ( A ) : hx c  Dl A) j
XAlx \ A x ,  D v \A i = !J ( A ) .
e f i n ' t i e r :  1 . 3 : ! f  A a n d  a a r e  two m u l t i - v a l u e d
o[v r a z o r s  in ■, in a n  e x t e n s i o n  o f  A, d e n o t e d  b y  A c  A, 
i f  Ax c  x f 01- ( a c h  xeX.  ! f  A c  X t h e n  t h e  r e s  t r i e  t i o n  o f  
A t o  d e n o t e d  by A| , ,  i s  d e f i n e d  b y  A | , , x  -■ Ax i f  xeS  
a n d  D f  A j  , i  ̂ D A )  n  A .
D e f i n i  t i o n  1 . d ; I f  A i s  a  m u l t i - v a l u e d  o p e r a t o r  i n  X 
t h e n  i s  c a l l e d  t h e  c l o s u r e  o f  A, d e n o t e d  by  h -  ~K, i f
• he g r a p h  o f  ; i s  i d e n t i c a l  t o  t h e  c l o s u r e  o f  t h e  g r a p h  o f
A, w h e r e  t h e  g r a p h  o f  A i s  t h e  s e t  { ( ,x ,y)  : xeD) A)  a n d  
v ■ Ax} .
The D u a l i t y  Mapping  
♦
D e f i n i t i o n  1 . 3 : L e t  X t h e  d u a l  s p a c e  o f  X.
-#
' -t  < x , f > d e n o t e  t h e  v a l u e  o f  f  a t  x ,  f o r  x< X a n d  feX .
*
i he  d u a l i t y  m a p p i n g  F i s  t h e  m a p p i n g  o f  X i n t o  X
r.
d e f i n e d  by
F[x)  -- ( f eX* : o x , f o  - | |x| | ' '  - | | f !!‘~}.
P r o p o s i t i o n  1 . 6 : L e t  i  d e n o t e  t h e  d u a l i t y  m a p p i n g  o f
# M
X i n t o  X . i f  X i s  u n i f o r m l y  c o n v e x  t h e n  L i s  s i n g l e ­
v a l u e d  a n d  u n i f o r m l y  c o n t i n u o u s  on b o u n d e d  s e t s .
P r o o f : Lee K a t o ' s  p a p e r ,  [ 1 3 ] .
P r o p o s i t i o n  1 . 7 : L e t  F d e n o t e  t h e  d u a l i t y  m a p p i n g  o f
*
a i n t o  X . L e t  x , y c X .  T h e n  | |x| |  £ llx-+ay|| f o r  e v e r y  a>0 
i f  a n d  o n l y  i f  t h e r e  i s  a n  f c F ( x )  s o  t h a t  < y , f >  > 0 .
P r o o f :  Lee K a t o ' s  p a p e r ,  [ 1 3 ] .
P r o p o s i t i o n  1 . 8 : L e t  u be  a n  X - v a l u e d  f u n c t i o n  on an 
i n t e r v a l  o f  r e a l  n u m b e r s . L u p p o s e  u  h a s  a  weak  d e r i v a ­
t i v e  u ' ( s ) e X  a t  s .  I f  | ! u ( *) || i s  a l s o  d i f f e r e n t i a b l e  a t  s ,  
t h e n
llu  ( s  ̂11-â -ll1̂  ( s ■ It =■ < u ' ( s ) , f >
f o r  e v e r y  f e F ( u i s ) ) .
P r o o f : S ee  K a t o ' s  p a p e r  [ 1 3 ] .
u u - L l s s i p a t i v e  O p e r a t o r s
D e f i n i t i o n 1 . 9 : A m u l t i - v a l u e d  o p e r a t o r  A i n  I  i s  
s a i d  t o  be  a - d i s s i p a t i v e  i f  a  i s  a  n o n - n e g a t i v e  r e a l  num­
b e r  a n d
V* -\ .v ,)li _  i, 1 -JU > ISx^-X, ,||
w h e n e v e r  , x,y. A ' , y^« Ax^,  y Ax,, a nd  X -0.
V u l t i  - v a l u . - c i  n - d i r . s i i i a M  v 1 o p e r a t o r s  a r e  s i u d i e d  by 
i . omcr ous  a u t h o r s .  S e e ,  f o r  e x a m p l e ,  [ L j ,  ! 7 J .  I l 9 i >  ! l r'
en d  [ ; 0] .
P r o p o s i l i o n  1 . 1 0 : S u p p o s e  A i s  a  m u l t i - v a l u e ^  uu-dis  
s i . p a t i v e  op> r a t o r  a n d  0 < Xuu < 1 ,  t h e n
(1 )  ( ; -XA'i _1 i s  a  f u n c t i o n ,  a n d
j! ( I -X  A) - 1 x -  ( I-X A ) - 1 y || < ( l - X u u J ^ H x - y l l
f o r  x , y e R ( 1- XA) .
( ? )  || ( I -X A1 - 1 x -  x| |  < X v1-X-ju) " 1 |Ax |
f o r  xe R ( 1-X A)flD( A ) , w h e r e  |Ax |  = i n f  | |y| |  .
ye  Ax
v 3) ( I -A A) - 1 x -  x e \ A (  I-X. A) - 1 x
f o r  x c R ( I - X A ) .
( 9)  I f  X>0 a n d  u i s  a  r e a l  n u m b e r ,  t h e n
f o r  x e R ( I - X A ) .
P r o o f :  See  C r a n d a l l  a n d  L i g g e t t ,  [ 4 ] .
! i me 'op u n d e n t  l- ami 1 i< -s
O e f i n i  t i o n  1 . 1 1 : L e t  *A( t )  : 0 \  t, _  i'j be a f a m i l y
o r m u l t i - v a l u e d  o n e r a t o r s  w i t h  cummer, d o m a i n  D. >A( t ) }  i s
: • a, i d t o  s a t i s f y  "end i t i o n  X_ i f  t i re  r e  i s  a  a o n - d e e  r e u s i n g  
f a c t i o a  sti: 0,  ■ ') -♦ [o, , .  > s u c h  t h a t
I A ( t ) x | _  | A  ̂s ) x | * | f  -  ■ | A  | |x| |  f h  | A a ) x | i
Cur X' !) a n d  0 _< s ,  t  v_ T.
: ami . l i  o s  o f  m u l t i - v a l u e d  o p e r a t o r : - ,  w h i c h  s a t i s f y  
' u a d i t i o n  X a r e  s t u d i e d  i n  1 4 ] ,  [ b ] ,  [ I / ! ,  a n d  [ 1 0 ] .
i -o f  i n  i t  Lor: 1 . 1 0 : i e t  1 A ; t )  : 0 t  _  T} b e  a f a m i l y  
o'- m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  ' A v t ) j i s
s a i d  t ■ o a t  • r, fy  'or.d i t i o n  C i f  t h e r e  i s  a  n o n - d e c  r - - a s i n g
f u i i c t i o r :  £:  I 0 ,  ■ ■ -* [ <j,«o a n d  a X > 0 s u c h  t h a t
!! ( ; - \ A ;  t  '• - 1 x -  - \ A ( r O  ) " ^ x !t < \  | t - s  | ||x || )  ̂1-t | Av s ' x | )
w h e n e v e r  0 _  s , t • _  1, 0 < X X , a n d  xcD.
F a m i l i e s  o f  o p e r a t o r s  w h i c h  s a t i s f y  C o n d i t i o n  C- a r e  
s t u d i e d  i n  4 1 , arid [ 1 0 ' .
d e f i n i t i o n  1 . 1 3 : L e t  fA t ) : 0 £  t  £  ! } be  a  f a m i l y  
f  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  L.  : A( t i } is, 
s o i l  t o  s a t i s f y  ' o n d i t i o n  % i f  w h e n e v e r  t  t ( 0 , ' L  a nd
' Xr F yn )eA^t n ' * n “ 1 » 2 > 3, and t n -*t, x n*x ,  and y ^ y ,
t h e n  i’ x , y ) <- A ( t ) .
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M u l t i - v a l u e d  o p e r a t o r s  s a t i s f y i n g  t h i s  t y p e  o f  
c o n d i t i o n  a r e  c o n s i d e r e d  i n  [ 1 7 ) .
F r o d u c  t  1n t e g r a l s
h e f i n l  t i  on 1 . 1 7  : Lf | } i s  a n y  c o l l e c t i o n  o f
F u n c t i o n s  on t h e n
n T . x  --- T . x ,
k+1 kn t .x - T ( n T x ) ,
i - 1   ̂ K t l  i = 1  1
k
n  I ' .x -- x i f  k < j ,
i -  J
h e f i n i t i o n  1 . 1 [  : I f  [ a , b ]  i s  a  f i n i t e  i n t e r v a l ,
t h e n  a  s e t  o f  p o i n t s
P ,  i r 0 , r i  r n )
s a t i s f y i n g  t h e  i n e q u a l i t i e s  a = r 0 <r ]_< * • • <r n i <' r n =l3 
c a l l e d  a  p a r t i t i o n  o f  [ a , b ] .  The c o l l e c t i o n  o f  a l l  
p o s s i b l e  p a r t i t i o n s  o f  [ a , b j  w i l l  b e  d e n o t e d  b y  6>[a,b]
D e f i n i t i o n  1 . 1 6 : L e t  F b e  a  m a p p i n g  f r o m  
a , b ] x [ 0 , X  ] i n t o  t h e  s e t  o f  m a p p i n g s  on X. F o r  e a c hO'
p a r t i t i o n  R -  b e l o n 6 i n S t o  w i t h  ||R||<X
l e t  T1^F(R)x d e n o t e  t h e  p r o d u c t  n  F ( r . , A r . ) x ,  w h e r e  
a  i - 1  1 1
Ar^ = j .  I f  t h e r e  i s  a  weX s u c h  t h a t  f o r  e v e r y  e>0
t h e r e  e x i s t s  PQe£>[a ,b]  s o  t h a t
10
II i t -  w11 •
w h e n e v e r  P i s  a  r e f i n e m e n t  o f  P , t h e n  we w r i t eo '
n^P i , d l ) x  w.  i n  t h i s  c a s e ,  w i s  c a l l e d  t h e  p r o d u c t  
i n t e g r a l  o f  £  f r o m  a  t o  b w i t h  r e s p e c t  t o  x .
home t h e o r e m s  a b o u t  p r o d u c t  i n t e g r a l s  a r e  f o u n d  i n  
[ 9 1 ,  f 23] ,  [ 2 k ) t a n d  j .
M i s c e l l a n e o u s
f i n a l l y  we l i s t  some n o t a t i o n s  w h i c h  a r e  u s e d  i n  t h e  
p a p e r .
( 1 )  L e t  I-X } be  a  s e q u e n c e  i n  X, t h e n  x n"*x means  
t h a t  l * n } c o n v e r g e s  t o  x i n  t h e  norm t o p o l o g y ,  w h e r e a s
x —*x means  t . h a t  x ^  I c o n v e r g e s  t o  x i n  t h e  w ea k  t o p o l o g y
( 2 )  P ( x ,  r ) -  fyeX : | | x - y | |  < r j  .
n
( 3) o ( u ,  n)  = Z p ,  i f  u . )  i s  a  s e q u e n c e  o f  r e a l  
i = l  1
n u m b e r s .
( 4 )  13 1 = i n f  [ !lxl| : xc3} i f  3cX a n d  3
y •;) i f  'A; t ]  : 0 < t  < T) i s  a f a m i l y  o f  m u l t i ­
v a l u e d  o p e r a t o r s  i n  X w i t h  common d o m a i n  I), t h e n
( a ) M;x)  -  s up  | A ( t ) x 1 f o r  XtD,
OsitsT
( b )  J ( t , X  ) = . - X A ( t )  ) _1,
:i i
t
[c)  u(  a,X , i  ) n d ( a < o ( X , i ) , X ,  ) i f  I X • 1 i s  a
i - 1  1 1
q u e n c e  o f  n u m b e r s  s o  t h a t  o ( \ , l )  < 'P.
D e f i n i t i o n  1 . 1 7 :  P e t  i a , ^ ) ,  fb,^) be  s e q u e n c e s  o f  non-
n e g a t i v e  r e a l  n u m b e r s  s o  t h a t  a  + b -  1,  k - 1 , 2 , . . .  .K K.
L e t  r ,  s ,  and  t  be n o n - n e g a t i v e  i n t e g e r s .  F o r  r  v. s a n d
0 v t  < s - r  * 1 l e t
s — r  f 1A *' r , s , t ) x , x  1# . . . , x  )eR : e x a c t l y  t  o f
t h e  c o m p o n e n t s  a r e  1 a n d  t h e  r e m a i n i n g  
c o m p o n e n t s  a r e  0 } .
L e t  f : A( r ,  s , t  )-*h be  g i v e n  by
s h . - a .  i f  x .  -1
f  ' Xr , X r t  1 ’ * * " II T ) .  w h e r e  < X 1 1
i - 1  K " b i  l f  Xi " °
F i l i a l l y ,  d e f i n e  , a ,  b ] . y f i y ) -
r y e A ( r , s , t )
l o r  n o t a t i o n a l  c o n v e n i e n c e  i f  s < r  a n d  t > 0  d e f i n e
[ a , b ] t  = 1 .  
r
As an i l l u s t r a t i o n  o f  t h e  a b o v e  d e f i n i t i o n ,  l e t  
• b^  = 1 f o r  i - 1 , 2 , 3 .  Then
p
[ a , b ] ^  -  a i b 2  4 
3
[ a , b j ^  -  a ^ b ^ b ^ +  b ^ a 0b^+ b ^ b 2a ^ ,  a n ^
[ a ,  b ] 0 -- a 1 a 2 a_ + a ^ ^ ^  + b ^ a ^ ^ .
■;ha» L’ : 1
i r:'.'; 'I .TI’!' I IN YC
i n t h i  c l r . p t e  r w<- g i v e  t h e  d e f  Li. i t i on o f  a l o c a l
« v o l u t i o n  s y s t -  -m a n d  g i v e  c o n d i t i  on:; on a f a m i l y
A v t  ; : A _  L _  Tj o f  mult ,  i -  v a l u o d  o p a a t o r s  w i t h  common
i otnain  P wh i c h  w i l l  g u a r a n t e e  t h e  e x i s t e n c e  o f  a  l o c a l  
• ■ v o l u t i o n  s y s t e m  on h
i’he  r m u l t : ;  i n  t h i s  c h a p t e r  a r e  s i m i l a r  t o  t h o s e
f o u n d  i n  \ r' \ ,  i 1 ! , a n d  f i t  J .  T h e s e  p a p e r s  a r e  n o t  c o n ­
c e r n e d  w i t h  t h e  l o c a l  p r o b l e m  h o w e v e r .  The m a i n  r e s u l t  
o f  t i i i s  c h a p t e r  shows  t h e  e x i s t e n c e  o f  t h e  p r o d u c t  
i n t e g r a l  a s  d e f i n e d  i n  C h a p t e r  i .  C r a n d a l l  a n d  P a z y  i n  (6 ]  
h a v e  p r o v e n  t h e  e x i s t e n c e  o f  t h e  p r o d u c t  i n  a  w e a k e r  
s e n s e ,  f o r  e x a m p l e ,  t h e y  c o n s i d e r  o n l y  r e g u l a r  r e f i n e m e n t s .  
A. T .  P l a n t  i n  IC2]  o r o v e s  t h e  e x i s t e n c e  i n  a s t r o n g e r  
s e n s e  b u t  h i s  r r o o f s  u s e  p r o b a b a l i s t i c  m e t h o d s  w h i c h  a r e  
n o t  a s  e l e m e n t c . r y  a s  t h o s e  f o u n d  h e r e i n .
B e f o r e  we s t a t e  o u r  m a i n  r e s u l t s  we n e e d  t h e  f o l l o w ­
i n g  d e f i n i t i o n s .
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U e f i n  i t  Lon . ' .  1 : b e t  i Ai t  • : 0 _  t  _  T.l b e  a f a m i l y
o f  m u l t i - v a l u e d  o p e r a t o r s  I n  X. 'Hie f a m i l y  Avt ) }  w i l l  
e<‘ c a l l e d  -i-d i r , s i  n a t i v e  i f  A , t )  i s  m - d i s s i p u t i v -  f o r  
eae i i  t e  [ 0, T ! .
I 'e f i n  i t  i o n  A . A: ! ,et  A^ t .  : 0 ^  t  _  T I be a  f a m i l y
o f  m u l t i - v a l u e d  o p e r a t o r s  i n  X w i t h  common d o m a i n  L.  L e t
' ; A ( t ) )  A be  d e f i n e d  byx. x
A ( T . f )  : r  ii a n d  i - i x , r ) n i )  c  i\ p 1 -X A p t , )  ̂ f o r
e a c h  t e  ; 0 , T ]  a n d  0 > . K t ) .
t ) J  i s  s a i d  t u  s a t i s f y  A o n d i t l o n  £  i f  f  p f o r
:<‘h Xt
' o n d i t i o n  £  n t h e  f a m i l y  A - t )  A i m p l i e s  C o n d i t i o n
1 f ; 1 ! . Aee a l s o  I l b  ! .
D e f i n i t i o n  A. 3 : L e t  AcX, 0<T,  a n d  l e t  i f t , s ) Q ?  f o r  
_  s _  t  _  T.  A f a m i l y  o f  o p e r a t o r s  n ( t ,  s ) : D( t ,  s ) *♦ T"
' s c a l l e d  a l o c a l  e v o l u t i o n  s y s t e m  on _  i f
(i) A) c Usc t
D(t,s) for each s c (0,1)
i i ) D(t,ri c D(s,r) for 0 < r < s •
v i i i ) x -- x for xeD( t, t) 3 A
■' 1V': D, r ;D.t,r) ^ D(t,s.' and 'Lt,s
for 0 < r • s A t
R e m a r k ; In  [ 7] ,  D o r r o h  g i v e s  t h e  d e f i n i t i o n  o f  a 
l o c a l  t r a n s f o r m a t i o n  s e m i - g r o u p .  D e f i n i t i o n  A . 3 may be
lA
v i e w e d  a s  a  g e n e r a l i s a t i o n  o f  t h a t  d e f i n i t i o n .  A l s o ,  
i n  a  m a n n e r  a n a l o g o u s  t o  t h a t  i n  [ 7 ] ,  we c a n  show t h a t  a  
n a t u r a l  way f o r  l o c a l  e v o l u t i o n  s y s t e m s  t o  a r i s e  i s  f r o m  
s o l u t i o n s  o f  t i m e  d e p e n d e n t  n o n l i n e a r  e v o l u t i o n  
e q u a t i o n s .
T h e o r e m  2 : Le t  ( A ( t )  : 0 <. t  < Tj  be  a  f a m i l y  o f
- n - d i s s i p a t i v e ,  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  
2,  w h i c h  s a t i s f i e s  C o n d i t i o n s  £,  X> a n d 3 .  L e t  xeD,
, a nd  o < s < t  < T.  Then t h e r e  e x i s t s  a  r e a l
n u m b e r  b = b ( s , x , r )  o u c h  t h a t  i f  O c t - s < b ,  t h e n
r i g J ( l , d I ) x  e x i s t s .
The p r o o f  o f  t h i s  t h e o r e m  w i l l  be g i v e n  a f t e r  t h e  
p r o o f  o f  T h e o r e m  2 . L .
T h e o r e m  2 . 2 : L e t  ! A ( t )  : 0 < t  < T] b e  a  f a m i l y  o f
j u - d i s s i p a t i v e ,  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  
2,  w h i c h  s a t i s f i e s  C o n d i t i o n s  X,  a n d  <3. L e t  E ( t , s )  
d e n o t e  t h e  s u b s e t  o f  D t o  w h i c h  x b e l o n g s  i f  a n d  o n l y  i f
i t  i s  t r u e  t h a t  i f  s < t 1 < t  a n d  e>0  t h e n  t h e r e  e x i s t s
a P e ^ f s , t ' J  s u c h  t h a t  ( i )  i f  P 1 i s  a  r e f i n e m e n t  o f  P t h e n
t  1
n s J ( F ' ) x  i s  d e f i n e d ,  a n d  ( i i )  i f  P '  a n d  P" a r e  r e f i n e ­
m e n t s  o f  P,  t h e n  | | J ( P ' ) x  -  ^  J ( P " ) x | |  < e .  Thens s
I l n ^ j ( l , d l ) x  -  r ^ J ( I , d I ) y | |  < e x p ( u . ' ( t - s )  ) | | x - y | |  
f o r  x , y e E ( t , s )  a n d  i f  we d e f i n e  U ( t ,  s ) :  E ( t ,  s ) -» T) by
1'
Tl gJ \ T, di ) x ,  xci\  t,r>
f t, s )x
lim n" J i I ,  d n  x , x i. . " ' t . r . ' ,  x -»xeEi t ,  s ) r ' n j i - n ' ’ •v
s h e l l ; 11 ( t , 3 )} i s  a l o c a l  e v o l u t i o n  s y s t e m  on C w i t h  
' f t ,  s i  - :■:( t ,  s i .
P r o o f : f i r s t ,  n o t e  t h a t  f o r  x , y t i i vt , s )  t h e r e  e x i s t s
P e < ? [ s , t ]  s u c h  t h a t  i f  0 ^ | |p | |ul  ̂ 1 ,  a n d  P '  - I r ^ r p ,  , . . , r  )
i s  a  r e f i n e m e n t  o f  P,  t h e n
l l n t n  o x  -  n t i P ' ) y | |  v n  t- A - t ! lx-y || ,S O i - 1  1
w h e r e  M2= r i “ r i  2.* i ' h ^ r e f o r e  , f o r  x , y c h ( t , s )
IIn^. i( I , d I ) x -  n ^ . T ( l , d l  )y II < e x p vi ^ t - s )  ) | | x - y | |  ,
a n d  t h e  f i r s t  s t a t e m e n t  o f  t h e  t h e o r e m  i s  p r o v e d .
Now we l e t  D ( t , s )  -  E ( t , s ) a n d  check:  t h e  f o u r  
p r o p e r t i e s  o f  a  l o c a l  e v o l u t i o n  s y s t e m .
P r o o f  o f  ( i ) : Le t  s e f O, T)  a n d  x c D. C ho o se
t - s  < b ( s , x , r )  ( s e e  T he o r e m  2 . 4 )  f o r  some r  N> 0 .  Py 
Theorem 2 . 4  i t  f o l l o w s  t h a t  x e E vt , s ) ,  a n d  h e n c e
D c  U D( t ,  s ) .
s < t
P r o o f  o f  ( 1 1 ) ; C h o o s e  x e E ( t , r )  a n d  s u p p o s e  t h a t  
r  < s < t ,  s ' e [ r , s ] ,  a n d  e > 0 .  B e c a u s e  x e P h t , r ) ,  t h e r e  
e x i s t s  a  P e # [ r , s ]  s u c h  t h a t  i f  P ' i s  a  r e f i n e m e n t  o f  P ,
r e f i n e m e n t s  o f  i , t h e n
h e n c e  xcKis.r'), a n d  it follows that D(t,r) c D(s,r).
Proof of liii): U ( t , t ) x  - n£.J(lt})x - I x - x for
xt'D and h e n c e  also for xeD -  E( t ,  t  i - D(t,t'.
Proof of v iv̂  : We prove that h(s, r) K( t, r )c£( t, s) .
Then by d e f i n i t i o n  o f  U(s,r) the result will follow for 
t, r l . Le t  x<L(t,,r'. Choose a sequence (R )e6*[r,t] 
such that sci: , a n d  so that if P - R ,, o ,, then any
* * I* n r , S I
r e f i n e m e n t  h '  o f  P a n d  a n y  r e f i n e m e n t  P '  o f  P h a v e  t h e  n n n n
p r o p e r t y  t h a t
l a r g e  n ,  an d  n o t i n g  t h a t  y - * U ( s , r ) x ,  i t  w i l l  f o l l o w  t h a t  
U ( s , r ) x e n  ( t , s ) .  L e t  c >0 be  g i v e n ,  a n d  c h o o s e  n l a r g e
| | n ^ J ( R ^ ) x  -  'J ( t ,  r  )x)|  - a n d
L e t  P '  b e  a r e f i n e m e n t  o f  P f o r  n - 1 , 2  n n  ’ an d
We show t h a t  y  e E ( t , s )  f o r
e n o u g h  s o  t h a t u p p o s e  t h a t  Q,
i s  a  r e f i n e m e n t  o f  W.r , t h e n  n £d ( Q ^  U i s  d e f i n e d
s i n c e  Q' J  ’ i s  a r e f i n e m e n t  o f  R n r. n However
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I* ............r  x j * j .'n  . r . ' u i  1 )x n  ^ 1 i i r . i  i ’ )x” s Mn V ' n
Thus J ■ «* ' .v i s  d e f i n e d  f o r  e a c h  r e f i n e m e n t  y 1 o f  Q . s ■ "i. n n n
N e x t ,  l e t  Q'  a n d  y"  be  r e f i n e m e n t s  o f  Q, , then,  n n vi '
H ^ S ^ n  -
v I l n g . T l ^ U r ^ x  -  U ( t , r ) x | |  , ||U ( t ,  r  i x -  n \ )  ( Qn Ubn ) x| 
n n
b e c a u s e  '4 ’UP'  a n d  y" l lL '  a r e  r e f i n e m e n t s  o f  K . H e n c e ,  n n n n n ’
by d e f i n i t i o n  o f  K ( t , s ) ,  y  e K ( t , s ) ,  a n d  t h u s  i t  f o l l o w s
t h a t  U ( s , r ) x e E ( t , s  ) .
Now we p r o v e  t h a t  U( t , s ) U( s , r ) x = U ( t , r ) x  f o r  
x e L ( t , r ) .  L e t  y ^ ,  Rn , P , a n d  Qn b e  a s  a b o v e ,  t h e n  by
d e f i n i t i o n  o f  U ( t , s )  we k.now t h a t  U ( t , s ) y  -» U ( t ,  s  ) U ( s ,  r  )x
We p r o v e  t h a t  U ( t , s ) y  -» U ( t , r ) x .  L e t  e , .0 be  g i v e n .n
Ch o o s e  n l a r g e  e n o u g h  s o  t h a t  -i C C ho o se  Q ^ e ^ [ s , t ]
s o  t h a t  | | n ^ J ( Q ' ) y  -  U ( t , s ) y  || < (We may do t h i s  s i n c eo XI XI II C—
y e E ( t , s ) . )  Nov; f o r  e a c h  s u c h  n ,  we h a v e  t h a t
j , -  t , r ) x | |  ■ \ \ ' ' ' { t t r , ) y y - njj- . >ynli
1 -  IP t , r l x | |
t
w h e r e  w" ' UC . I’h i  s i s  t h e  d e s i r e d  r e s u l t .r  'n t
In o r d e r  t o  p r o v e  T he o re m 2 J l , we n e e d  t h e  f o l l o w ­
i n g  s i x  l emmas .
' .ernma J  : . 1 A hi  : O p  t  ^  T j be  a fan. i. l.v o f
i - d i  e s  i p  at. i  v o ,  m u l t i - v a l u e d  o p e r a t o r s  wi t h  common d o m a i n  
! , s a t  i s fy  i np; ' o n d i  t i o n s  3  a nd  X-  l e t  xe I», s c  1 0 ,  i’ j ,
v X , r ' •“ A , " i i s , x , r )  -  min ! T - s , r |  exp  v, • i v ! ' -s ) ) M( x ) ] " ^  1,‘ ■ X v
r .  I1. b< a n a r t j t i o n  o f  ! s , s I b ' , a nd  l e t ,  o . r . - r .  ,i I e 1 > ’ f 1 1 1 - 1
f o r  i - I , . . ’, . . . , r i .  b u p p o s e  t h a t  O-.uo X a n d  t h a t  0<p,uu<-i1 O 1 c
f o r  L ^ l , < , . . . , n .  I f  o( |u,  A) b f o r  t h e n
u ( s , u , j 2 ) x  1c. d e f i n e d ,  u ( s , u , I ) x c b  ( x , r ) 01), an d
IJui s x -  x ;| c y u ,  I )M^x i .
I r o o f : The p r o o f  w i l l  ue by  I n d u c t i o n  on I .  L e t
I 1 .  bi.mo* ( X o , r  > e A , , x ,  r  Hi c  H ( I -pt-^A ( r ̂  ) ) , s o
i., s , u , l ' x  i s  d “ f i n e d .  f i r i c e  IA  ̂1 1 : 0 _  t  _  !'} i s
i - d i e s  i t  a t i v e  and  s a t i s f i e s  C o n d i t i o n  X we h a v e  t h a t
II u ( s , o , 1 'i x -  x|| < u . 1-M uu)"1 | A ( r 1 ) x |
^  u 1 exp(2uuu1 )Mi x)
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b  ̂s  , x , r e x p  l , 'jup-j ' M , x
r i o t i n g  t h a t  •’ vr ^ « u 1 ^ 9 ( A ( r ^ )  1 !>, wo c o n c l u d e  t h a t
u ^ s , p , l ) x c  vx , r  n o .  ; j ex t  a s s u m e  t h e  s t a t e m e n t  i s  t r u e  
f o r  £ a n d  show t h a t  i t  i s  t r u e  f o r  £ * 1 .  b u p p o s e  t h a t  
c h p , £  + l )  •. b ( s , x , r ^ .  The i n d u c t i o n  h y p o t h e s i s  g u a r a n t e e :  
t h a t  u(  s , p ,  £ )x( !- ^ x , r ' f l ! )  a n d  t h a t
| | u ( s , p , £ ) x  -  x || _  o ( p , £ ) M i x ) .
Thus (Xo , r ) e A x i m p l i e s  t h a t  u ^ s , u , £ ) x e K { i - p £^ ( r £^ 1 ) )
arid u { s , p ,  £ i-l )x i s  d e f i n e d .  A g a i n  u s i n g  t h e  f a c t  t h a t  
l \ o , r ^ A x  we o b s e r v e  t h a t  d ( r £  ̂ p £ f ^ ) x i s  d e f i n e d .
t h e  r e f  o) ' i ‘ ,
! | u ( s , p ,  £ +1 ^x -  x||
i  ll': a i 4 l , u t  + :p u ( s , n , e x  -  - ; r t 4 l , u < 4 l )x| |
+ llJa ^ 1,ut4l)x - X||
< ( 1 - U i 4 l ' x ) " 1 ! | u ( s , p ,  £ ) x  -  XII + p £ + 1 ( l - p ^ ) 1 uu)“ 1 M(x)
< exp ( 2uup£ 1 ' o ( p ,  £ )M-x)  t p £4 Xexp ( x )M v x )
-- o ( p ,  £ + 1) exp ( 2jup f l )M(x i
< b ( s , x , r ) e x p v?uup£ + 1 )M(x)
< r -
F i n a l l y ,  n o t i n g  t h a t  u ( s , p , £ + l ) x  -  J ( r £^ ^ p £+ ) u ( s , p , £ ) x
? ( )
b e l o n g  t o  0, wo c o n c l u d e  t h a t  u ( s ,  p ,  £ 11 ) xe  1• ( x ,  r ) flD, and  
a l l  t h e  s t a t e m e n t s  o f  t h e  lemma h a v e  b e e n  p r o v e d .
Lemma 2 . 7 : L e t  t h e  h y p o t h e s e s  o f  Lemma 2 . 6  be
s a t i s f i e d .  I f  o ( p , £ )  < b f o r  £ - 1, 2, . . . , n ,  t h e n
| A ( r £ ) u ( s , p , £ ) x |  < e x p ( 2 u u o ( p , £ )  )M , w h e r e
£ £ £
M -  b ( x )  n i l + p . L )  + E ^ . L  n  ( l a p  L ) ,
1 i  1 1 1=1 1 k = i - H  K
a n d  L = s £ ( r f | | x | | ) .  F u r t h e r m o r e ,  t h e r e  i s  a  c o n s t a n t
K - R ( s , x , r )  s o  t h a t  i f  o ( p , £ )  ■ b ,  t h e n
| A ( r  ) u ( s , u , £ )x | < R f o r  £ - 1 , 2 ,  . . . , n .
i ' r o o f : We p r o v e  t h e  s t a t e m e n t  b y  i n d u c t i o n  on £ .
F o r  £ - 1  we h a v e  f r o m  Lemma 2 . 6  a n d  P r o p o s i t i o n  1 . 1 0  t h a t
| A ( r 1) u ( s , u , l ) x |
" | A ( r 1) J ( r 1, p 1) x |
< u ^ 1| | . H r 1, u 1 )x -  x]j
£  e x p l 2uuu1 ) | A ( r 1) x |
< exp(2uun1 ) f | A ( r Q) x |  4 p - ^ H  | A ^ r ^ x  | ) }
V exp  ( 2uuu1 ) f M(x)  ( l + u 1 L) 1 u 1 L]
-  exp i 2oup1 )M1 .
Assume t h a t  t h e  s t a t e m e n t  i s  t r u e  f o r  t h e  n a t u r a l  
n u m b e r  £,  a n d  show t h a t  i t  i s  t r u e  f o r  £ + 1 .
| A ( r £ + 1 ) u vs , | j , l + l ) x |
U£_i_ j ]!'J ( ] _ ■ *  ^£-f-1)^  ® * P * ^ ^  "" u i s ,  p ,  £ ) x| |
^  ( 1 " M£ ^ 1 ^ ) ’ 1 | A ^ £ f l ) u ( s ^ ^ ) x |
< e x p ( : ,u)(jj t+1) { | A ( r £ ) u ^ 3 , u , £ ) x
+ M£ + 1 L ^1 4 l A( r i ) u ( s ^ ^ ) x I ) )
< exp(2ouuf _t l ) {exp(2( i )o (M, £) )Mi
4 u £+1 L ^1 4 e x P( 2 u>a(u, £) )M£ ) }
< exp(2uuu£ + 1 ) ( e x p ( 2 u ) a ( u , j e )  )Mje( l-f |aje+1L) + Mi + 1 l J  
<_ uxp(2u>uje+1) exp^2uuo(p ,  £) )M£+1
-  exp  ( 2uuo(p,  £+1)  hM£ f ^  .
To p r o v e  t h e  e x i s t e n c e  o f  t h e  c o n s t a n t  R, c h o o s e  £^n 
a n d  a s s u m e  t h a t  c ( p , £ )  < b ( s , x , r ) .  Then
j A( r £ ) u ( s , p , £ ) x |
< exp  ( ?uuo(p,  £)  )M
£
< exp  ( i u c o p ,  £)  (NT x )  E ( l + p . L )
i - 1  1
£ £
t  i u , l  n  ( i - t p . L ) }
i - 1  1 k - i r l  K
_  exp  i iuua, p ,  £)  )M(x ) exp  ( a ( p ,  £ ) L)
• I o< p ,  £) exp  ( 2uuc(p,  £ ) ) exp  ( a ( p ,  £ ) L)
= e x p v2uu !h b ' s , x , r ) ) [ M(x)  + b ( s , x , r ) L j  
= R ( s , x , r ) .
'mma i e t  t h e  hyp db* no s  o f  Lemma , ’.P no
n. at. i s f i e d .  ' o f  u n , u 0 , . . . , u  „ X and 0 < X X . InI  P n — o
u ka i d i t i o n ,  l e t .   ̂ b̂ _ - 1 - a  , r, -- kX, mX b,
f o r  k L, .......... ti, and
.n m
it>. - I! n . ^ r  , n k )x -  n j ; s , x j x | | .
k=l  K K k - 1  *
I’hen ( i  )
dk , j  -  ^ P v ^ u u j )  ! a j dk - l ,  j - 1  f b j dk , j - l  ' e k , j ]
wli'jr “
J - 1 J - 1a , j  D-Mslc, u <J) i ni J ( r i , u i ) x  -  J l r J ,MJ ) i ni . r ( r . , M 1 )xt | ,
a n d  ( i i )
m n
dm, n -  e xP l ? « o ( u , n ) ) l  70  [ a ,  b ] j d ^  Q
n n
-+ v a . , ,  [ a ,  b ] - d~ .. n - j + 1  L. L Jm-1 0 , n - jj=m d  n - j + 2  ’  d
m-1 n - k  n
^ ^  ^  f J k e m k  1 ^k=0 1=1 141 k m k,  1
f u r  1 < m < n .
P r o o f  o f  ( i  ) :
j
d k 1 ‘ II n J(S , X ) x  -  n . J ( r  , n . ) x | |£=1 I  i = 1  1 1
k - 1 j - 1
||J(S ,X)  n J(s , X ) x  -  J(r u ) n  J  ( r . ,  ia. )x |  
K 1=1  1 J J i=l 1 1
o by
k_1 -1' 1 ll-or, X) n  .t( g , X ) x -  .1 V S. , u  .) n  .1 ( r . ,  u . )x| |
£ - 1  * * J i = l  1 1
J-1 j-1
* ||.’ ( s  , u  ) n  j ( r . . >x -  b r  , , u .) IT-Ur.  , u . )x|j
«■ u 1 = 1 - L I  J 3 i  i  1 1
M i k-1 x-u k
I Mi r’ u j ) [ - j~  n  < t ( s ^ , \ ) x  * — n  b(vs ^ , \ ) x )
£> — 1 £ - 1
j - 1
-  • H 3 k , H j ) i n i I ( r 1 , y 1 ) X|| I
, M, K-1 J - 1
T —  l ly l (  n • HSj . xJ j t  -  . n  •T(r3 , u 1 )x )
J X ^1 1 = 1
*-n, k j-1
1 ~X k " .n ,1(ri,u1 )x) I 1 e ^ j
t !Xpi  ’t i yj )  a j d k - l , j - l  1 b j d k , j - l  1 ‘ k j 1 ’
' r o o f  o f  i l l ) :  L e t  c = oxp ( -Luuo( u , n)  ) d . Then  -------------- -i L m, n * v ' ’ m , n
- ^ o * ‘Xp ( —Lj of u ,  n —1 ' ) ( a  d n , t b d n + e  im, n — * v n m - l , n - l  n m, n - 1  m, n j
A a c , 4 b c t + e— n m - 1 , n - 1  n m, n - 1  m , n
A . 7 i n  t h e  A p p e n d i x ,  we h a v e  t h a t
m n n n
i A v ‘ a  - i 1 . c 7 a  . , I a , b 1 , c ~
m- R -  J - 0  1 J m' J ’ °  J-m n - J , 1 n - j L  ' m‘ 1 ° ’ n ' J
m-1 : i -k  n
* F P [ a j k ] k e m- k  ik - 0  1=1 i l l  k m k , l
ri n n  n
I  ! a ,  o] , d  7 a  . , ( a ,  b 1 , d~ .-  J=0 !  JJ m-3,0  J=m n - J +l n_I+i 1 - 1  0, n-J
m-1 n - k  n
+■ 7 I  [ a ,  b ], e
k=C i. a  i l l ’ k  m- ^ i ’
i'h* ■ rt ' f  or*.',
m n
' » , n  -  e I p i : , M " " :i"  , f 0
,1=m
m-1 n - k  i)
1  T  t
k=0 i = l  i t 1
h i s  i s  t h e  d e s i r e d  r e s u l t .
n  n
1 1. _ ' n - l d O, n - j
1   I a , h ! , . • , ■L ’ k m-k, : i
? ,emma 2 . 9 : L e t  t h e  h y p o t h e s e s  o f  he nun a  2 . 9  he
s a t i s f i e d .  Then  t h e r e  a r e  c o n s t a n t s  c ^  - e-^(x)  a n d
e , c 0 ( s , x , r )  s o  t h a t
c
m n
d m n — e x P ( Lacp p , n )  ) I X v [ a , b ]  h i n - j ) c  
* j - 0  1 J
n n - j  n
+ X I  I  a  a  . i  l a , b ]  , c
j=m k = l  J n - j i 2
0 n - l  n - k  n
+ X"- T T a .  [ a , b j ,  | ( m - k )  -  a ( a ,  i ) | c Qj 
k=0  1=1 i-f 1 ^
f o r  1 < m v n .
P r o o f : L e t  = M ( x ) . U s i n g  Lemma 2 . 6 ,  we o b t a i n
dm - j , 0  " | | u ( s , u , 0 ) x  -  u(  s ,  X , m - j  )x| |
-  ]|x -  u ( s ,  X , m - j ) x | |
< c n \ , m - j ) M ( x ) , j - 0 , l , . . . , m  
= a X , m - j ) c 1 .
L i m i l a r l y ,
d 0 , n - j  ^  o ( u , n - j ) c 1 = X a ( a , n - J ) c 1 .
t  c , A , f !  )L,  v ;joo Lemma 2 . 7  j .  : 'hen we h a v e
’rum ( ' o n d i L i o t  c  Sho t
' m - k ,  i -  , J i l  ni-k)X -  a ( ( j ,  i ) | L( 1 » h’( r ; , x , r ) )
__ X v . j i i n - k ) -  a ; a ,  i  ) | c .,
i. i •
TrMir. Lemma . m a nd  t h e  a b o v e  we h a v e  t h a t
m n
An *■ -  ' -x p  ( p w o ; u , n )  ) f X v  [ a , b ]  . ( m - j l c ,
j - 0  1 J 1
n n - j  n
’ x v ^ V V i i i  [ a >t)Jm_ i c i ,i m k - 1  ^ n - j  + ?  m i l
ra -1  n - k  n 
■ X' I  7 a  I a ,  b ] | ; i n - k ) -  a va , i ) | c 0 }
k--0 j - 1  i d  K
<-mjna . 1 n ; L e t  t h e  h y p o t h e s e s  o f  Lemma ' . ' .7 be 
.t. i o f  i e d .  f M- u , n )  -  in, t h e n
in n n r.- i n
r
j - 0  1 J --n; k - 1  ,k J n - j  (2
nd o
n n
e x p ( LmrnX)i2\  y [ a , b j . ( m - j )  
j - 0  1  J
m-1 n - k  n 
♦ ^  7 Y a .  i a , b j  | ( m - k )  -  o ; a , i ) | } C ,
k - 0  1=1 i t l
r e   ̂ m a x ; c ^ , C p )  .
r r o o f : 7he f i r s t  s t a t e m e n t  i s  A . 12  i n  t h e  A p p e n d i x ,
o p r o v e  t h e  s e c o n d  s t a t e m e n t  u s e  Lemma 2 . 9  t o  o b t a i n
h a t
m n
drn n < exp ^L'uumX ) { 2X Y [ a , b ]  , ^ m - j )  
m , n  j - 0  1 J
j m-1 n - k  n 
X‘ T. F a .  [ a , b ]  | ( m - k )  -  o ( a , l ) | ] C .  
k - 0  i - 1  1 i ) l  K
Lemma L . 1 1 :  L e t  t h e  h y p o t h e s e s  o f  Lemma P. 8 be
• a t i s f i e d .  I f  e va ,n ' s  -  m, t h e n
j  *
m n
( i  ) F / n - j  ) [ a ,  b J < < / m ,
j - 0  1
m-1 n-k. n
( i i  ) Y a . a ,  b ] | ( m-k  ) -  o y a ,  i ) | v m/m, a n d
k - 0  i LL; 1
i l l )  dm n _  ’'xp v L'.unX H  2X/m 4 \ ‘ m/m]c.
r o o f  o f  , I
m
F(m-J  /  a ,  h | . 
.1-0 1 •’
n n
<_ Y | m - j  | ! a , b ]  
j - 0  1 J
n 1 n 0n 1
I F a , b j  . )P(  Y [ m - j  ) ^ [ a ,  b J . ) ?  
j  1 j - 0  1 J
n 0 n 1
V F :id -  mj ‘ j ‘ ' f a ,  r ]  . ! 0
j  - o  1  J
' ̂  y y 4 jP
n. v . a , b 
0 1 J
^  T j [ a , b  : 
j -  1 J
o o n n n
m‘ -  Fm'~ 4 mc 1
i
y a . ; 1 -  a . 
L I 1 ' 1
) ) p
,n 1







1 v rt 1 °
-  V i  1
-  / m .
. h i s  c o m p l e t e s  t h e  p r o o f  o f  ( i ) .  ; e f o r e  p r o v i n g  v i. i ) ,  
we p r o v e  t h e  t h r e e  n u m b e r e d  r e l a t i o n s  b e l o w  by u s i n g  A . l ,  
A. 2,  a n d  A.U f r o m  t h e  A p p e n d i x .
I I
L e t  a .  = a .  . .. a n d  b .  -  b . , , .mi  l-f j - 1  l  l-t j - 1 .  Then
f 1
ai 4 bi ~ aitj-l + bi4j-1 l f  and
n-jfl , , n
f a , b ]. - f a,b] .
1 * j *
' ' h e r e  f o r e ,
n-j * 1 n n-j f1 n-j tl , ,
(1) F ! a, b ] = p f a ,b ] - 1,
k-0 j K k-0 1 *
n-jtl n n-j4l n-j+1 , ,
i 2) I k[a,b ]. = p k[ a ,b ],







n-j41 0n n-j4l pn-J+l , ,
(3) F. k‘-[a,b]. = F k [ a ,b J
k-1 j K k-1 1 K
n-j+1 , 2 n-j+1 , n-jal ,
= v F a . )  - F i a. ) a 7 a.
k-1 K k-1 K k-1 K
n p n 0 n 
( F a . ) -  F aL + p a .





£ £ a. [a,b] |(m-k) - o(a,i)





This completes the proof of (11).
Proof of (iii): Using Lemma 2.10 and (1) and (ii)
above, we obtain immediately that
dm n — exp (2uumX ) ̂ 2*/m + *-2 m/m},
which is the desired result.
Now we are ready to prove Theorem 2 . b .
Proof of Theorem 2.4: Let e>0 be given. Let 
Pm ' s + 1 ^ 1= 0 '  m=1>2 >-**  •
’hoose mQ large enough so that
exp (2uj(t-s) ) { 2 (t-s ) + (t-s)2}̂ r- < -|,
/ o
where C is chosen as in Lemma 2.10. Let P' = r̂i^i-i anĉ  
" kP" = fr.}. n be refinements of P satisfying Lemma 2.6. i 1=1 mo
Then,
30
iln^ 1 ' u  -  n.. " ix ||
< |iî (i-')x - i£(p )x|| iirffp )x - rt(i ”)xii
O o
-  d + d .m , n m , k o ’ o ’
O
< 2exp(2ouni v- ^ - )  { 2 ^ / i n  + H ' j p  "m / m }C— o v m 7 m o 2 o oo o mo
< G •
Thus fl£j(T,dI)x exists, and Theorem 2.4 is proved.
Remark: Notice that if D c R(I-XA(t)), for t e [0,T]
and 0 o X < Xq, then we may choose r = oo and b(s,x,r) = T-s,
so that the condition 0 < t-s < b(s,x,r) becomes s < t < T. 
Hence Theorem 2.4 implies Theorem 2.1 of Crandall and 
Pazy in [6].
CHAPTER 111 
FIME DEPENDENT EVOLUTION EQUATIONS
In this chapter we prove some theorems about time 
dependent evolutioii equations. The results found herein 
are similar to those of Crandall and Pazy in [6] and 
'•■reels and lazy in [1],
Definition 3.1: Let (A(t) : 0 _< t < T} be a family
of multi-valued operators with common domain D. Let xeD 
and sefO/r). By a strong solution to the problem
u'(t) e A (t) u (t), u(s) ■= x
we mean a function u:[s,T] -» X which satisfies the 
following conditions:
i) u is lipschitz continuous,
(ii) u'(t' exists a.e. on (s,T), and 
viii) u(t) e D a.e. on (s,T), u(s) = x, and 
u'(tN e A^t)u(t) a.e. on (s,T) .
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Theorem 3 . 2 : Let [A(t) : 0 < t v. T] be  a family of
uu-dissipative, multi-valued operators with common domain
D, satisfying Conditions 3 ,  K , and <3. Let xeD, se[0,T),
and (X , r)  e Ax . If the problem
u'(t) € A(t)u(t), u ( s )  = X
has a strong solution u on [s,T], then
U(t,s)x = u(t) on [s,s+b),
where b is chosen as in Theorem 2.4.
Proof: The idea of this proof is due to Crandall
and Pazy. Let t Xn ) = (-jj) and (r1 n } = (sti\n)
for i=0,1,...,n. Let
fU (s,X,k-l)x f o r  r k . 1>n < t < 
un(t) = < k=l,2,...,n
| x  for t < s .
Theorem 2.4 shows that un (t) -* U(t,s)x for each te[s,s+b).
Note that un (t) = J(rk_1#n,Xn)un(t-\n)
lf rk-l,n — t < rk,n and 1 < k < n.
u(t) - u(t-X )
Letting g (t) = ----- r   A(t)u(t), it follows that
n xn
u (t) = J(t,Xn)(u(t-Xn ) + Xngn(t)).
Now if we extend u(t) as u(t) = x if 0 < t < s, then
• •• i ng,  ' ' o r  i•-i i f i n : .  c* w  • c >1' f a i n
| un l t
k-l,n —
u ■ t. >
!K-.t,Xn VU(t-Xn ) . xn6 n(t') - -nt.x^Un t-xn ) 
’  I M a . X J u ^ t - X J  -  *T Vr k - i , n ' Xn ) u ' t - X n ) , J
t r . Thus, if tpfs,s*b' then tv, n
U it; - U ( t ̂n
- l i
_  a - \ r i u O "  ! | u ( t - X n ) - un (t-Xn )||
■ Xn(1-Xn,"r l l|gn lt)H + X n K
for some constant K . Integrating, we obtain
* t_Xn
| | u n ( T )  -  U x ) | | d T  <_ ( 1 - X n 0)) - 1  |  l | Un  V T ) -  u ( T ) | | d T
s-X
n
+ Xn^1"Xnaĵ "1 JHsn(T ) ltdT + |t-s |K.
n r
Xn |  l | u n ( T  ) -  u ( t ) | | d T
t-Xn t-X.
r n
<_ u j ( l - X n 'aj) J  | | u n ( T )  -  u ( t  ) | | d r  +  x n  | t - s  | K
i 1 - xn a' ) " 1 J l |gn (T)| |dT
l etting n -* we obtain
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t
||U ( t ,  s l -  u ( t ) || < J| | U( s , t ) -  u ( T ) | | d T ,
s
w h i c h  i m p l i e s  t h a t ,
n ( t , s ) -  u ( t .
The e x i s t e n c e  t h e o r e m  w h i c h  f o l l o w s  an d  i t s  p r o o f  
a r e  g e n e r a l i z a t i o n s  o f  t h e  w o r k  o f  B r e z i s  a n d  P a z y  i n  [ 1]  
t o  t h e  t i m e  d e p e n d e n t  c a s e .
*
T h e o r e m  3 » 3 : L e t  X b e  u n i f o r m l y  c o n v e x .  L e t
f A( t ) : 0 < t < T]  b e  a f a m i l y  o f  u u - d i s s i p a t i v e ,  m u l t i ­
v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  D, s a t i s f y i n g  
C o n d i t i o n s  £ ,  X ,  <3, a n d  771. L e t  xeD a n d  s e  l 0 , T ) , t h e n  
t h e r e  e x i s t s  a  u n i q u e  s t r o n g  s o l u t i o n  t o  t h e  i n i t i a l  
v a l u e  p r o b l e m
u ’ ( t )  e A ( t ) u ( t ) ,  u ( s )  = x 
o n  t h e  i n t e r v a l  [ s , T ] ,
F o r  t h e  p r o o f  o f  t h i s  t h e o r e m  we n e e d  t h e  t h r e e  
l emmas  b e l o w  a n d  t h e  f o l l o w i n g  d e f i n i t i o n .
D e f i n i t i o n  3 • 4 : L e t  CA( t )  : 0 t  < T) t e a  f a m i l y  
o f  m u l t i - v a l u e d  o p e r a t o r s .  ( A( t ' ) }  i s  s a i d  t o  s a t i s f y  
" o n d i t i o n  % i f  w h e n e v e r  t n e [ 0 , T ]  a n d  (x n >Yn ^ A('t n ) n - 1 ,  2 ,  . . .
a n d  x n -» x ,  y n -* y ,  t n t ,  t h e n  ( x , y )  e A ( t ' .
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Lemma 3 . 3 : Le t  X be  u n i f o r m l y  c o n v e x .  Le t
: 0 < t  T) be  a  f a m i l y  o f  u u - d i s s i p a t i v e ,  m u l t i ­
v a l u e d  o p e r a t o r : ;  w i t h  common d om ai n  D, s a t i s f y i n g  
• ' e n d i t i o n s  3,  X,  <md W. L e t  x t D, (X , r )  e A , s t  [ 0 ,  T)O X
an d  b ■- b ( s , x , r ) .  I f  t h e  s e q u e n c e  o f  f u n c t i o n s  fti ] 
d e f i n e d  i n  T he or em 3 . 3  c o n v e r g e s  p o i n t w i s e  t o  a  f u n c t i o n  
u on f s , s a b ) ,  t h e n  u ( t ) e U  f o r  t r [ s , s + b ) .
Proof: Define a sequence v :[s, s a b )  -* X a s  f o l l o w s :
if Xn - ^ and n = s a iXn, i=l,2,...,n, then
v (t) - u ( s , X , k - l ) x  a [ u( s, X, K.) x-u(s, X, k-l^( t-r. )Kn x,n
for r. ,  ̂< t  < r, .lv_L j n K, n
Let t e fs,sab) a n d  choose a sequence of non­
negative integers so that t-n s a ^ n Xn , t ^  t ,  and
t  -  t  . X . L e t t i n g  x L ' t  , X ' v t  ) andn n °  n n n n n ’
y  X- 1 r ,;/t, ,X ) v ' t  ) -  v t  ) 1 , we o b t a i n  t h a t  n n n n n n n n
' n A t ^x an d  t h a t  l|v II - (1-X oL ^ ! A' t  W ( t  | .n n ' " n "  — * n 1 n n v n 1
l i u s ,  i t  F o l l o w s  f rom Lemma ° . 7  t h a t  ly  } i s  b o u n d e d .n
»
e c a u s e  X i s  u n i f o r m l y  c o n v e x ,  y y f o r  some s u b -
' n k
s e q u e n c e  f.v ] o f  iy ) and  some v e X. D s i n g  Lemma 2 . 7  
k n
and  t h e  fac t ,  t h a t  v fj ( t '  -♦ u ( t t  i f  a n d  o n l y  i f  u ( t ) -» u ( t ) ,  
i t  i s  n o t  h a r d  t.o siiow t.ha* x -♦ u f t )  . hu s  by C o n d i t i o n  77?
u( t '  , y)  e A t ; , i . e . ,  u f t )  e D.
r -*
Lemma ? . P ; L e t  X be  u n i f o r m l y  c o n v e x .  L e t  
■■. t  'i : u _  f .} tie a  f a m i l y  o f  u j - d i s s i p a t . i v e ,  m u l t i ­
v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  !» s a t i s f y i n g  
•’o n d i t i o n  R.  L e t  A( t  )x  c  L ( t ) x  f o r  x-. : >, who r e  
: e f )  : o _  t  _  r]  i s  a l s o  u u - d i s s i p a t i v e . L u p p o s e  t h a t  
- Du f o r  coach t  c J 0 ,  T j . L u p p o s e  t h a t  f o r  e a c h  
x r  D,,, t h e r e  i s  a  b a l l  D ( x , r )  a n d  a n um be r  \  > 0 s u c h
t h a t
( x ,  r  ' 0 , c  R ( I -XA(  t ) )
f o r  0 p \  ■ X , and  0 £  t  < T.  S u p p o s e  t h a t  0 ^ s ^ b 1- T,
a n d  t h a t  t h e r e  i s  a  f u n c t i o n  u h s , b ' ]  -* X s a t i s f y i n g :  
a ; t L  Dp f o r  t e f s ,  b ' ] ,  u i s  d i f f e r e n t i a b l e  a . e .  on ( s , b ' ) ,
■and u ' ( t ) t ; ■ t ) u ( t ) a . e .  on ( s , b ' ) . Then  u ( t ) e D a . e .
o n  ( s , b ' ) ,  and u ' ; t ) e A ( t ) u ( t )  a . e .  on  [ S , o ' ) .
i ' r o o f : " L o o s e  t  e ^ s , b ' )  s o  t h a t  x h u ( t )  c Dfj,
u i s  d i f f e r e n t i a b l e  a t  t ,  a n d  u ' ( t )  c h ^ t j u ^ t ) .  L e t  Xo
and  r  be  c h o s e n  s u c h  t h a t
b (x , r N n :i  c  R ( I - X A ( t ))
f o r  O '  X ■' \ Q a n d  0 < t  < T.  No te  t h a t  f o r  t '  c l o s e  t o
t ,  u ; t ' '  e : £ x , r ' ; ,  s i n c e  u i s  c o n t i n u o u s  a t  t .  C ho o se  
a n  i n c r e a s i n g  s e q u e n c e  ( t  ) s o  t h a t  t n  -» t  a n d  l e t
X = t  -  t  . Then  n n
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u ( t  ) e P ( x , r ) n D c  R( I - X A ( t  ) )n
f o r  l a r g e  n .  So ( I - \ nA ( t n ) ) _1u ( t n ) s x n e D, and
U< V  “ x n -  V n  f o r  some y n  e A ( t n ) x n c  : : l n c u
u ' ( t )  € B ( t ) u . , t )  a n d  B ( t )  i s  u u - d i s s i p a t i v e ,  we h a v e  t h a t
< u ' ( t )  -  y n , F ( x - x n )> < a j | | x -xn | |2
hy  P r o p o s i t i o n s  1 . 6  a n d  1 . 7 .  Now l e t
*<S)  -  u - ( t )  -  u ^ ) . ' t U l t )  •
T h e n
u ( t  ) -  u ( t )
t ( t n ) -  u ' ( t )  -  ------ -----------------
n
x -  \  y -  x
= U ' ( t )  -  - n-  , - n n--------
" * n
x - x
= U - ( t )  -  -  y
n
T h u s ,
+ o r 2  '  u ’ ( t )  -  y n '
a n d
X —X




< ^ ( t n ) , F ( x - x n )> < —  | | x - x j |  ,
n
1-X uu p
n r ~ l l x _ x n l! ^  < ^ ( t n ) , - F ( x - x n )> < \\rf[ t n ) II • | | x - x n ||,
3ft
i >r
^x - x n 11 i  T r S r s W V I I -n
I ' n o r e f o r e ,  x -» x . Now * n
! | u ’ ( t )  -  y n || £  3 l l t n ) || 
f o r  l a r g e  n ,  s o  t h a t  y ^  -» u ' ( t ) .  Hence  C o n d i t i o n  % shows 
t h a t  u ' ( t )  € A ( t ) u ( t )  a n d  t h e  p r o o f  i s  c o m p l e t e .
Lemma 3 « 7 • L e t  X b e  a  r e f l e x i v e  B a n a c h  s p a c e  a n d
l o t  ! v  ( t ) )  b e  a  s e q u e n c e  i n  L ( a , b ; X ) ,  p > 1,  s u c h  t h a t
P
fv  ( t ) }  i s  b o u n d e d  f o r  a l m o s t  a l l  t e ( a , b ) .  L e t  V ( t )  
d e n o t e  t h e  s e t  o f  weak  c l u s t e r  p o i n t s  o f  {v ^ t ) } .  I f  
c o n v e r g e s  w e a k l y  t o  u i n  L ( a , b ; X )  t h e n  u ( t )  b e l o n g s  
t o  t h e  c l o s e d  c o n v e x  h u l l  o f  V ( t )  a . e .  on  ( a , b ) .
P r o o f : S ee  K a t o ' s  p a p e r ,  [ 1 4 ] ,
P r o o f  o f  T h e o r e m  3 . 3 : The p r o o f  o f  t h e  u n i q u e n e s s  o f
s o l u t i o n  i s  s t a n d a r d  a n d  w i l l  n o t  b e  g i v e n  h e r e .
D e f i n e  B ( t ) ,  a n  e x t e n s i o n  o f  A ( t )  f o r  t e [ 0 , T ] ,  
a s  f o l l o w s :
D ( B ( t ) ) = D f o r  0 < t  < T, a nd  
B ( t )x =■ c l o s e d  c o n v e x  h u l l  o f  A ( t ) x .
B ( t ) i s  u u - d i s s i p a t i v e  f o r  e a c h  t e [ 0 , T ] .  L e t  0 < b '  < b ,  
a n d  x e D. Then  b y  T h e o r e m  2 . 4 ,  t h e  s e q u e n c e  (u  } o f  
f u n c t i o n s  d e f i n e d  i n  T h e o r e m  3 . 2  c o n v e r g e s  u n i f o r m l y  t o
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b {s , t  )x on | o , t - '  | .
L e t  u ( t )  - ! \ s , t ) x .  Then  by  Lemma 3 - ‘, , u ( t )  c I) 
f o r  t  e [ s , b ' j .  Alsc* n o t e  t h a t  s i n c e  u  i s  L i p s c h i t z  
c o n t i n u o u s  a n d  X i s  u n i f o r m l y  c o n v e x ,  u ' ( t )  e x i s t s  a l m o s t  
e v e r y w h e r e  on  ( s , s + b ' ) .
L e t  f v  ) be  the s e q u e n c e  o f  f u n c t i o n s  d e f i n e d  i n  
Lemma 3.5* show t h a t  v^ u ' in L ( s , s - t b ' ; X )  f o r
1 < p < oo. S i n c e  u n c o n v e r g e s  u n i f o r m l y  t o  u ,  i t  f o l l o w s
t h a t  v n a l s o  c o n v e r g e s  uniformly to u on [s,s+b'J. Thus  
s+b ' s+b '
J v^( t ) f (t )dt -♦ -  ̂ u(t)f(t)dt,
f o r  f  e r' ^ (  s ,  s+b ' ;  R) w h e r e  C h ( a , b ; R )  d e n o t e s  t h e  c o n ­
t i n u o u s l y  d i f f e r e n t i a b l e  r e a l - v a l u e d  f u n c t i o n s  w h i c h  
v a n i s h  o u t s i d e  o f  ( a , b ) .  N o t e  a l s o  t h a t
s fb ' s+b '
f v ' ( t ) f ( t ) d t  -» f u ' ( t ) f ( t ) d to n  «j
s s
f o r  f  e C ' ( s , s  + b ' ; R ) , s o  t h a tO v 1
so b  ' s + b '
g ( J  v^  ( t ) f  ( t ) d t ) -* g (  J u '  ( t ) f ( t ) d t )
s s
*
f o r  f  e C V ( s , s + b ' ; R )  a n d  g e X . S i n c e  t h e  L i p s c h i t z
norm o f  v ^  i s  b o u n d e d ,  i t  f o l l o w s  t h a t  some s u b s e q u e n c e
v '  ) o f  f v t' } c o n v e r g e s  t o  some e l e m e n t  w b e l o n g i n g  t o
n k ^
: ri, f o r  1 < p < *->. T h u s ,
r
4 o
s + b 1 s i b 1
g(  r  V '  -♦ g(  f  w f ( t ) d t )o U. J
s s
f o r  f  e C ^ ( s , s  + b ' jH'i a n d  g  e X*, s o  i t  f o l l o w s  t h a t
w --- u  ’ a n d  v 1 - 1 u 1 i n  L .n p
N ex t  o b s e r v e  t h a t  f r o m  C o n d i t i o n  % i t  f o l l o w s  t h a t  
t h e  s e t  o f  weak  c l u s t e r  p o i n t s  o f  l v ^ ( t ) } ,  d e n o t e d  by  V ( t ) ,  
i s  c o n t a i n e d  i n  A ( t ) u ( t ) .  T h u s ,  f r o m  Lemma 3*7 we h a v e  
t h a t
u ’ ( t )  e V( t ) c  c l o s e d  c o n v e x  h u l l  o f  A ( t ) u ( t )
= B ( t ) u(  t ) .
Now s i n c e  t A ( t )  : 0 < t  < T] a n d  ( B ( t )  : 0 < t  < T)
s a t i s f y  t h e  h y p o t h e s i s  o f  Lemma 3 . 6 ,  we o b t a i n  t h a t
u ' ( t )  e A ( t ) u ( t )  a . e .  o n  ( s , s + b ' ) .
Ne x t  we show t h a t  u  i s  a  s o l u t i o n  on [ s , T ] ,  L e t
u b e  a  s o l u t i o n  on  [ s , T ^ ] ,  w h e r e  i s  m a x i m a l .  I f
T, /  T,  c h o o s e  t  -» T.  Then  u ( t  ) -» u  eX, b e c a u s el  ' n v n ; o
u i s  L i p s c h i t z  c o n t i n u o u s .  S i n c e  f A ( t )  : 0 < t  < T}
s a t i s f i e s  C o n d i t i o n  77?, we h a v e  t h a t  u  e D. h e n c e  weo
may c o n s i d e r  t h e  p r o b l e m
u ' ( t )  e A( t ) u ( t ) ,  u ( T 1 ) = u Q.
i t  w i l l  h a v e  a  s o l u t i o n  v ( t )  on [ T j , T u ) .
o
( us t ') on [ s , T  )
Y i O  on [ T l , ru  ) •
O
" ,jx +end  t h e  o r i g i n a l  s o l u t i o n ,  c o n t r a d i c t i n g  t h e
ox i mal i t.v of 1’̂  .
"hi:; O’) ik ■ 1 . t-s the proof o f  Theorem 3.3.
CHAPTER IV 
A L'CAL ABSTRACT CAUCHY PROBLEM
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I n  [ 1 ] ,  P r e c i s  a n d  P a z y  show t h a t  i f  X i s  u n i f o r m l y  
c o n v e x ,  a n d  A i s  a  d i s s i p a t i v e ,  d e m i - c l o s e d  o p e r a t o r  
w h i c h  s a t i s f i e s  C o n d i t i o n  1,  t h e n  t h e  i n i t i a l  v a l u e  
p r o b l e m
u 1 ( t ) e Au ( t ) ,  u ( 0)  = x
h a s  a u n i q u e  g l o b a l  s o l u t i o n .  The t e c h n i q u e s  o f  B r e z i s  
a n d  P a z y  may a l s o  b e  u s e d  i n  s o l v i n g  a  l o c a l  a b s t r a c t  
" a u c h y  p r o b l e m  o f  a  s i m i l a r  n a t u r e .  We c o n f i n e  o u r  
a t t e n t i o n  t o  m u l t i - v a l u e d  o p e r a t o r s  w h i c h  s a t i s f y  t h e  
C o n d i t i o n  J  b e l o w .
D e f i n i t i o n  4 . 1 : L e t  ( A ( t )  : 0 < t  < f} b e  a f a m i l y
o f  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  D. <A( t ) }
i s  s a i d  t o  s a t i s f y  C o n d i t i o n  J  i f  t h e r e  i s  a  n o n - d e c r e a s i n g
00
s e q u e n c e  o f  s e t s  (D ) s o  t h a t  D = U D , a nd
n n = l
42
' (3
A ( t ) . .  in uu - d i s s i p a t i v e  w i t h  0 v a'-, • uu,, <! * 1 — _L i.1 n
Multi-valued o p e r a t o r s  s a t i s f y i n g  s i m i l a r  c o n d i t i o n s  
a r e  s t u d i e d  i n  ( j ] .
I n  t h e  p a g e s  w h i c h  f o l l o w ,  t h e  p r o b l e m
u ’ ( t ) e A ( t ) u ( t ) ,  u  ( 0)  x e D.n j
w i l l  b e  d e n o t e d  by ACP^, a n d  t h e  p r o b l e m
u ' ( t )  e A( t ) u ( t ) ,  u ( 0)  = x
w i l l  be d e n o t e d  by ACP.
We now c o n s i d e r  t h e  p r o b l e m  o f  f i n d i n g  a  s o l u t i o n  o f  
A h  w i t h  u ( 0 )  -  x e D^,  w h e r e  ( A ( t ) }  s a t i s f i e s  C o n d i t i o n  J ,
I t  i s  e a s y  t o  show t h a t  i f  x e D^, a n d  ACP^ h a s  a  s o l u t i o n
on [ 0 , b  ) a n d  b -» b ,  t h e n  ACP h a s  a  s o l u t i o n  on [ 0 , b ) .  n n
We p r o v e  t h i s  i n  T h e o r e m  4 . 6 .  W i t h  o n l y  t h e  C o n d i t i o n  J ,  
t h i s  s o l u t i o n  d o e s  n o t  h a v e  t o  b e  u n i q u e ,  a s  t h e  f o l l o w i n g  
e x a m p l e  i l l u s t r a t e s .
Ex a mp l e  4 . 2 : D e f i n e  A: Rx[ 0 , 1 ] \ ( 0 , 1 ) x ( 0 , 1) -» RxR, by
( 0 , 0 ) ,  -oo < x  < 0 ,  0 < y < 1
( x ,  0 ) ,  0 < x < 1,  y  = 1
( 1 , 0 ) ,  l < x < o o ,  0 < y  < 1
( / x , 0 ) ,  0 < x  < 1 ,  y  = 0 .
A ( x , y )  =
P e t  D = D ( A) \ (  0 ,  n ~ ^ )  x {0) . T he n  A ( t )  = A s a t i s f i e s
4 4
■ s e d i t i o n  J .  i n p a r t i c u l a r ,  e a c h  a i s  n - d i s s i p a  t  i v c ,
c l o s e d ,  arid s a t i s f i e s  C o n d i t i o n  3 .  d i u s  i t  f o l l o w s  f ro m
;• mc.T. 3 . 3  t h a t  ACP w i t h  x = ( 0 , 0 )  n a s  a  u n i q i c
s o l u t i o n .  T h i s  s o l u t i o n  i s ,  o f  c o u r s e ,  u ( t  l o , m .n •
■ 'Wover,  A<T w i t h  x ( 0 , 0 ' )  h a s  u ( t )  ^t "  , 0 )  f o r
u _  t  _  2 a s  a  s o l u t i o n ,  t o g e t h e r  w i t h  u . t )  ' 0 , 0 ' .  We
t h e r e f o r e  make t h e  f o l l o w i n g  d e f i n i t i o n .
d e f i n i t i o n  A . 3 : L e t  A ( t )  : 0 < t  I ! be a  f a m i l y
o f  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o ma i n  b,  w h i c h
OO
. - . a t . i s f i e s  C o n d i t i o n  J ,  w i t h  0 = U D . We s a y  t h a t  u i_s
n = l  n
s o l u t i o n  o f  ACP w i t h  r e s p e c t  t o  { }  on  [ 0,  b ) , i f  f o r
'■ach t  e 1 0 , b ) ,  u  i s  a  s o l u t i o n  o f  ACP on [ 0,  t  ) f o ro ’ n L o
s,'ime n n ( t  ) .v o ;
p
In Exa mpl e  4 . 2 ,  u ( t )  = ( t  / 4 , 0 )  i s  n o t  a  s o l u t i o n  o f  
ACP w i t h  r e s p e c t  t o  f D } w h i l e  u ( t )  = ( 0 , 0 )  i s  s u c h  a  
s o l u t i o n .
T h e or em 4 . 4 : Le t  ( A ( t )  : 0 < t  < T} be  a  f a m i l y  o f
m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  D. I f  f A ( t ) )
on
s a t i s f i e s  C o n d i t i o n  J  w i t h  D = U D , t h e n  ACP w i t h  x  e D,
n = l  n 1
l ias  a t  m o s t  one  s o l u t i o n  w i t h  r e s p e c t  t o  on t h e
i n t e r v a l  [ 0 ,  b ) .
P r o o f ; S u p p o s e  t h a t  u  a n d  v a r e  s o l u t i o n s  o f  ACP 
w i t h  r e s p e c t  t o  ( D } on  [ 0 , b ) .  C h o o s e  t Q e [ 0 , b ) .  Then
4 b
u ( t  i r T1ti a n d  u ' ( t )  f A ( t ) u ( t )  f o r  some n a n d  a l m o s t
a l l  t  r A l s o ,  v ( t )  e a n d  v ' ( t )  e A 'Vt ) v ( t )
f o r  some m an d  a l m o s t  a l l  t  e [ 0 , b ) .  S u p p o s e  t h a t  m < n .
T h e n  by  ! r e p o s i t i o n  l . H ,
1!u ( t ) -  V l t ) | | | ^ l | u ( t ) -  v ( t ) | |
-■ <U ' ( t  ) -  V  ' ( t  ) , f  ( t  ) >
< -  v ( t ) | | 2
w h e r e  we h a v e  u s e d  t h a t
v ' ( t )  e Am( t ) v ( t )  c  An ( t ) v ( t ) ,
a n d  t h a t ,
f ( t )  e F ( u ( t )  -  v ( t ) ) .
H e n c e ,  i f  t  e [ 0 , t  ) t h e n
t
| | u ( t )  -  v ( t ) II < uun J | | u ( s )  -  v ( s ) | | d s ,
0
a n d  i t  f o l l o w s  t h a t  u ( t )  = v ( t ) . S i n c e  t  was a r b i t r a r y ,  
u ( t )  = v ( t )  f o r  a l l  t  e [ 0 , b ) .
R e m a r k : An i n t e r e s t i n g  q u e s t i o n  who se  a n s w e r  i s
s t i l l  unknown t o  t h e  a u t h o r  i s :  I f  u i s  a  s o l u t i o n  o f
ACT w i t h  r e s p e c t  t o  fDn } a n d  v i s  a  s o l u t i o n  o f  AGP w i t h
00 00
r e s p e c t  t o  {E ) ,  w h e r e  D = U D  = U E , d o e s  u  = v?
n = l  n n = l  n
T h e o r e m   ̂ . 1 : L e t  f A ( t ) : 0 £  t  __ T 1 bo a  fami l y  o f
m u l t i - v a l u e d  o n e i a t o r s  w i t h  common d o m a i n  L, w h i c h  a l s o  
s a t i s f i e s  C o n d i t i o n  J .  I f  u  i s  a  s o l u t i o n  o f  ACL on
H e n c e ,  a s  b e f o r e ,  u ^ ( t )  = ^ ( t ) f o r  t  e [ 0 , b ) .
T h e o r e m  4 . 6 : Le t  ( A ( t )  : 0 £  t  < T) be  a f a m i l y  o f
m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  D, w h i c h  s a t i s f i e s
C o n d i t i o n  J .  I f  u  i s  a  s o l u t i o n  o f  ACP on [ 0 , b  ),  w i t hn n L ’ n ' ’
[ b ^ j  i n c r e a s i n g  a n d  b ^  -» b ,  t h e n
i s  a  s o l u t i o n  o f  ACP w i t h  r e s p e c t  t o  (Dp } on [ 0 , b ) .
P r o o f : The f u n c t i o n  u i s  w e l l - d e f i n e d  b y  T he o re m 4 . 5 .
C h o o s e  t  e [ 0 , b ) ,  t h e n  e i t h e r  0 < t  < b-^, o r  b n ^ < t <  b n
f o r  some n ,  n = 2 , 3 , . . .  . I n  e i t h e r  c a s e  we h a v e  t h a t
n n
a n d  i f  0 < b^ £  b 0 t h e n  u n u ^ I 1! !  C , b n ) ’
P r o o f :  L e t  t  e [ 0 , b n ) ,  a n d  f ( t )  e F ( u  ( t '  - t ) )
y P r o p o s i t i o n  1 . 8 ,  we h a v e  t h a t
( t ) . f ( t )
u ( t )  =
Thus ,  u i s  a  s o l u t i o n  o f  ACT on [ 0 , t )  a n d  t h e  r e s u l tn 1 '
f o l l o w s  .
I *T h e o re m  4 . 7 : L e t  X be  u n i f o r m l y  c o n v e x .  L e t
i A( t ) : 0 < t  v T) be  a  f a m i l y  o f  m u l t i - v a l u e d  o p e r a t o r s  
w i t h  common d o m a i n  L. S u p p o s e  t h a t  ( A ( t ) j  i s  u o - d i s s i p a t i v  
a n d  s a t i s f i e s  C o n d i t i o n s  3 ,  X> a n d  <3. h e t  f t ( t ' i  d e n o t e  t h e  
s m a l l e s t  e x t e n s i o n  o f  A ( t )  f o r  w h i c h  (’K ( t )  : 0 < t  < T} 
s a t i s f i e s  C o n d i t i o n  7 7 Le t  7 1 ( t ) x  d e n o t e  t h e  c l o s e d  c o n v e x  
h u l l  o f  7 f ( t ) x  f o r  x e D ( A ( t ) ) .  T h e n  t h e r e  i s  a  n u mb er  
b > 0 a n d  a  u n i q u e  f u n c t i o n  u : [ 0 , b )  -* X s u c h  t h a t  
u ' ( t )  c 7 C ( t ) u ( t )  a . e .  on  [ 0 , b ) ,  a n d  u ( 0 )  -  x e D.
P r o o f :  L e t  b be  a s  i n  Lemma 2 . 6 .  Le t  u : [ 0 , b )  -♦ X,
b e  a s  i n  T h e o r e m  3 - 2 .  L e t  v  : [ 0 ,  b)  -* X, b e  a s  i n  Lemma 3-
T he n  by  C o n d i t i o n  H\, we h a v e  a s  i n  t h e  p r o o f  o f  Lemma 3 - 5 ,  
t h a t  i f  t  e [ 0 ,  b)  a n d  u n ( t )  u ( t ) ,  t h e n
u ( t ) t- D(7t(tn c  D( f t ( t )  ) .
Low a s  i n  t h e  p r o o f  o f  T h e o r e m  3-3, i t  f o l l o w s  t h a t  u ' ^ t )  
"Xists a . e .  on  ( 0 , b ) ,  a n d  u ^  u ' i n  L ( 0 , b ; X )  f o r  
1 < p < °°. A g a i n ,  a s  i n  t h e  p r o o f  o f  T he o re m 3.3,  i t  
f o l l o w s  t h a t  t h e  s e t  o f  we ak  c l u s t e r  p o i n t s  o f  f v ^ ( t ) } ,  
d e n o t e d  by V ( t ) ,  i s  c o n t a i n e d  i n  7 f ( t ) u ( t ) .  F i n a l l y ,  u s i n g  
Lemma 3.7,  we c o n c l u d e  t h a t
4 8
u ' . t  .■ c c l o s e d  c o n v e x  h u l l  o f  \ \ t )
c  c l o s e d  c o n v e x  h u l l  o f  7 5 q t ) u ( t )
-  £ ( t ) u ( t )
f o r  a l m o s t  a l l  t  e ( 0 , b ) .  T h i s  c o n c l u d e s  t h e  p r o o f  o f  
r h e o r o m  4 . 7 .
I r  *Th e or em  4 . 8 :  L e t  X b e  u n i f o r m l y  c o n v e x .  L e t  
i A ( t )  : 0 < t  <_ T} b e  a  f a m i l y  o f  m u l t i - v a l u e d  o p e r a t o r s
w i t h  common d o m a i n  D. S u p p o s e  t h a t  ( A ( t ) }  s a t i s f i e s
00
- " o n d i t i o n  J  w i t h  D -  U D , a n d  e a c h  (A ( t )  : 0 < t  < T]
n - 1  n n
s a t i s f i e s  C o n d i t i o n s  X,  a n d  3 ,  a n d  t h a t
( s e e  T h e o r e m  4 . 7 )  f o r  e a c h  p o s i t i v e  i n t e g e r  n a n d  e a c h  
t  e [ 0 , T ] . Then  t h e r e  i s  a  n u m b e r  b > 0 a n d  a  u n i q u e  
f u n c t i o n  u ; [ 0 , b )  ■* X s o  t h a t  u  i s  a  s o l u t i o n  o f  ACP w i t h  
r e s p e c t  t o  {Dn } on [ 0 , b ) .
P r o o f : The f a m i l y  (A ( t )  : 0 < t  < T) s a t i s f i e s
' o n d i t i o n s  3 ,  X,  a n d  <3, s o  b y  T he o r e m  4 . 7  t h e r e  e x i s t s  a  
n u m b e r  b n  > 0 a n d  a  f u n c t i o n  u n : [ 0 ^ t)n ) x s u c h  t h a t
u n ( t )  e ^ n ^ ^ n ^  a ' e * on  ^0 , b n^ f o r  n = 1 >2 > 3 , . . .  . T h u s ,  
u r!1( t )  e An + ]_('t ) u n ('t ) a . e .  on  [ 0 , b n ) .  I f  t h e  s e q u e n c e  ( b ^ j
i s  b o u n d e d ,  we l e t  b = s u p { b  }; o t h e r w i s e ,  l e t  b = +«>.
n
I n  e i t h e r  i n s t a n c e ,  i f  b, -  b f o r  some k ,  we d e f i n e
A 9
u : [ 0 , 1  ■ -» X by  u , t'I u ^ t ) .  I f  /  b f o r  a l l  n,  t h e n
we s e l e c t  an  i n c r e a s i n g  s u b s e q u e n c e  fb } o f  [ b } s o  t h a t
t-t -» b a n d  d e f i n e  u : [ 0 , b )  -» X a s  i n  ,nh e o r e m  1 . 8 ,  a n d  t h e  
k
r . - s u l t  f o l l o w s  f rom t h a t  t h e o r e m .
The u n i q u e n e s s  f o l l o w s  f r o m  T he or em 1 . 1 .
We now c o n s i d e r  a l t e r n a t i v e  a p p r o a c h e s  t o  s o l v i n g  
t h e  p r o b l e m
U 1 p t  ) c A ; t  ) U ( t  ) , U ( 0 'l = X ,
w h e r e  {A( t ) )  s a t i s f i e s  C o n d i t i o n  J .  i n  o r d e r  t o  f a c i l i t a t e  
o u r  d i s c u s s i o n  we c o n s i d e r  t h e  s p e c i f i c  c a s e  i n  w h i c h  
X - h ,  A ( t ) x  = Ax - x.c f o r  x t fxeH : x > 0) -  1 ( A ) ,  
a n d  1)  ̂ = [ 0 , n ) .  L e t t i n g  b ( n - x ) / n x  f o r  x e Dn , we
o b t a i n  u ( t )  = x / ( l - t x )  a s  s o l u t i o n s  o f  ACP on [ 0 , b  ) .n v / / v / n 1 ’ n '
T h e o r e m  3 . 1  o f  [ 1]  d o e s  n o t  a p p l y  t o  ACP^ b e c a u s e  
A i s  n o t  c l o s e d ,  a n d  i t  d o e s  n o t  a p p l y  d i r e c t l y  t o
u '  e 'ff u .  o r u '  e ^ u  b e c a u s e  t h e  o p e r a t o r s  'K a n d  5?n ’ n ^ n n
do n o t  s a t i s f y  C o n d i t i o n  1 o f  [ 1 ] .
I n  T h e o re m 1 . 8  we a r e  a b l e  t o  s o l v e  t h i s  p r o b l e m  by
u s i n g  t h e  m e t h o d s  ( b u t  n o t  t h e  r e s u l t s )  o f  [ 1 ]  b e c a u s e
K c  A .n m l
I t  s h o u l d  be  n o t e d  t h a t  T h e o r e m  3 - 1  o f  [ 1 ]  c a n  be  
a p p l i e d  i n  a  d i f f e r e n t  way,  a t  l e a s t  i n  t h i s  e x a m p l e .
LO
: f t
, fA X i f  0 < x < n
V  = \ n 2jj 0 ,  n  ] i f  x  = n
-*
Then  i s  c l o s e d  a n d  s a t i s f i e s  C o n d i t i o n  I . F u r t h e r m o r e ,
t h e  s o l u t i o n  v o f  v ' e A v a g r e e s  w i t h  u or; F 0,  b ) an dn n & n 1 * n '
i s  c o n s t a n t  t h e r e a f t e r .
I t  i s  n o t  c l e a r  t h a t  t h i s  m e t h o d  o f  f i n d i n g  c l o s e d
e x t e n s i o n s  o f  A w h i c h  s a t i s f y  C o n d i t i o n  r c a n  ben 17
g e n e r a l i z e d .  T h i s  p r o c e s s  may s o m e t i m e s  b e  p o s s i b l e ,  a t
l e a s t  i n  H i l b e r t  s p a c e s ,  by  u s i n g  m e t h o d s  l i k e  t h o s e  i n
[ 2] . H o we v e r ,  e v e n  i f  s u c h  e x t e n s i o n s  c a n  b e  f o u n d ,  i t  i s
n o t  c l e a r  how a  s o l u t i o n  o f  ACP c a n  b e  c o n s t r u c t e d  f r o m
*
t h e  s o l u t i o n s  v o f  v '  e A v .  T h i s  i s  b e c a u s e  we w o u l dn n
n o t  know i n  g e n e r a l  t h a t  v ^ ( t )  e Av ( t ) ,  o r  e v e n  t h a t
v ( t )  € D, f o r  s m a l l  p o s i t i v e  t .  I t  c a n  h a p p e n ,  f o r
*
e x a m p l e ,  t h a t  A^v i s  p r o p e r l y  c o n t a i n e d  i n  A^v f o r  v e D ,
*a n d  Dn i s  n o t  o p e n  i n  D(A ) .  S ee  E x a m p l e  2 i n  [ 7 J -
We now show t h a t  a  f a m i l y  w h i c h  s a t i s f i e s  C o n d i t i o n  J  
g e n e r a t e s  a  l o c a l  e v o l u t i o n  s y s t e m  i n  t h e  s e n s e  d e f i n e d  
b e l o w .
D e f i n i t i o n  4 . 9 : L e t  ( A ( t )  : 0 < t  < T) b e  a  f a m i l y  o f  
o f  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  D. ( A ( t ) )  i s  
s a i d  t o  g e n e r a t e  t h e  l o c a l  e v o l u t i o n  s y s t e m  U ( t , s )  i f
1 1
I! L , s  ' x  n,'.'. : , ■ 1 x f i r  e a c h  x i n  a  d e n s e  s u b s e t  o f
Li H ( t , s  ' ) .
' e f  L n i t i o n  A . 1 0 : L e t  ( A i t )  : 0 < t  ^  T} be  a  f a m i l y
o f  m u l t i - v a l u e d  o p e r a t o r s  w i t h  common d o m a i n  I1. L e t  ( b  i
t'o a n o n - d e c r e a s i n g  s e q u e n c e  o f  s e t s  s o  t h a t  L - U D .
n^-1 n
L e t  A ( t i  ■- A ( t ) . ,  . A l o c a l  e v o l u t i o n  s y s t e m  ( U  ̂ t ,  s ) )
' ‘ n
on  L i s  s a i d  t o  b e  e x p o n e n t i a l l y  g e n e r a t e d  b y  ( A i t ) } v i a
f.h } i f  n
( i )  A ( t )  g e n e r a t e s  a  l o c a l  e v o l u t i o n  s y s t e m  Un ( t , s )  
on D f o r  e a c h  n,
g o
( i l )  D ( t , s )  -  U D ( t , s ) ,  w h e r e  D ( t , s )  = D(U , t ,  s ) ) , a nd  
n ^ l
( i i i ) U ( t , s ) cj u ( t ,  s  ) f o r  n = l ,  2,  . . . ,  a n d  0 s < t  < T .
E x a mp l e  A . 1 1 ; I t  s h o u l d  b e  n o t e d  h e r e  t h a t  e v e n  
t h o u g h  l U ( t , s ) )  i s  e x p o n e n t i a l l y  g e n e r a t e d  by  {A( t )} v i a  
some s e q u e n c e  o f  s e t s  (Dn ) t h a t  ( U ( t , s ) }  d o e s  n o t  h a v e  t o  
be  g i v e n  by  a n  e x p o n e n t i a l  f o r m u l a  i n  t e r m s  o f  t h e  f a m i l y  
f L q t '  : 0 < t  < T } .  F o r  l e t  ( A ( t )  : 0 < t  < T) b e  g i v e n
p
by A; t ) x = 2 t x  f o r  x  e (-«>,+«>), = ( - o o , k ) ,  and
A. t  ) = Avt ) (n . E a c h  A ivt )  i s  A T k - d i s s i p a t i v e  and
l - k K
s a t i s f i e s  C o n d i t i o n s  Jfr, x» a n d  C.  H o we ve r ,  A ( t )  i s  n o t  
o n e - t o - o n e ,  s o
( X _ A(s  + i ( t ^ S ) ) } -  1 1= 1 >g j i i i > n
■ n u t  i I'unr t  i ' >n, and a n  e x p o n e n t i a l  f o r m u la  would  t v  
v a n i n g l e s s  .
[ i v o r e m  A . I .  ’: L e t  {A, t i  ; 0 < t  <_ T} be  a  f a m i l y  o f
<l t i  -  v a l u e d  o p e r a t o r s  w i t h  common domain w h i c h  s a t -
s t i e s  C o n d i t i o n  J ,  w i t h  D -  U D . . s u p p o s e  t h a t  e a c h
n -1
A i. t  i : 0 t >. T] s a t i s f i e s  C o n d i t i o n s  £, X, and (3.
I  i —  —
hen t h e r e  i s  a l o c a l  e v o l u t i o n  s y s t e m  [ U : t , s i ]  on U, 
bui'A, i s  . -xr on* r. t i  a l l y  g e n e r a t e d  by ( A ( t i j  v i a  ; M }.I i
i r t h u r m o r o ,  i f  I V ; t , s ) } i s  e x p o n e n t i a l l y  g e n e r a t e d  by
A t, 1 v i a  b j ,  t h e n  l U t . s i  -- V b t . s i  on their common n ’ ' ’ ' ’ '
I urnaL ns .
i r o o f : bine*.* {A ( t ) } s a t i s f i e s  Condit i on:; £ ,  X,  and
c ,  we h a v e  t h a t  1 A ^ t i )  g e n e r a t e s  a  l o c a l  e v o l u t i o n  s y s t e m
r’ . t , s i }  on D f o r  e a c h  n .  ’ey  T he o r e m  b . L .  i . e t  A, ( t . X i  n n ' k v *
i - u i o t e  t h e  i n v e r s e  o f  ( I  -  \ A ^ ( t ) i .  Then  f o r  e a c h  x i n  a
d e n s e  s u b s e t  o f  b, t , s )  = D'.U. ( t , s i i  i t  f o l l o w s  t h a tK. K
h i t ,  s i x  -  nf.h , I , d.  ) x .  By u s i n g  t h e  f a c t  t ha t .K. o K
. . 3 - i  — S ^ ) X  = J  ( s + i i ^ i , —  ixk 1 n * n ' mv n ’ n
f o r  x e b C a n d  f o r  l a r g e  n ,  i = l , 2 ,  . . . , n ,  i t  i s  n o t
i i a r d  t o  show t h a t
U ( t , s ) x  = U ( t , s ) x  f o r  x  e L. i t ,  s') ft D ( t , s ) .  
k m k m -
CO ^
Lew l e t t i n g  L i t ,  s i  U D. ( t ,  s )  a n d  U( t ,  s i : Di t ,  s ) -» D
k = l
b*' d e f i n e d  by b ; t , s ) x  -- U, ( t , s ) x  f o r  x c !> we w i l lK. K.
show t h a t  b , t , s '  i s  a  l o c a l  e v o l u t i o n  s y s t e m  on D.
The p r e v i o u s  r e m a r k  shows  t h a t  l h t , s )  i s  w e l l - d e f i n e d
tfe now c h e c k  t h e  f o u r  p r o p e r t i e s  o f  D e f i n i t i o n  2 . 3 .
CO 00
{ i )  L) ■- U D c  U ( U D ( t , s )  )
k - 1 k - 1  s < t  K
00
-  U U D, ( t , s )
s < t  k - 1  *
U D ( t , s ) ,  f o r  e a c h  s e f O , T ) .  
s < t
( i 1) !>( t ,  r ) c  D ( s , r )  f o r  ° < r < s < t < T  b e c a u s e  
'V (,t » r ’! c  Dk i S , r )  f o r  k - 1 ,  2,  3 ,  . . . .
( l i i )  U ( t , t ) x  -  x  f o r  x e D ( t , t i  b e c a u s e  Uk ( t , t ) x  = x
oo
f o r  e a c h  k ,  a n d  D ( t , t )  -  U D. ( t , t ) .
k - 1  k
( i v )  l e t  x c D ( t , r ) .  T he n  x  e Dk ( t , r )  f o r  some k ,  a n d
U ( s , r ) x  = U. ( s , r ) x  e D . ( t , s )  c U D ( t , s )  = D ( t , s
K k = l  K
A l s o ,
Uvt , s ) U ( s , r ) x  = UR ( t ,  s )Uk ( s ,  r  )x  -  Uk ( t , r ) x  
= U ( t , r ) x  .
t h e  p r o o f  o f  t h e  l a s t  s t a t e m e n t  o f  t h e  t h e o r e m  i s  c l e a r .
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APPENDIX
The p r o p o s i t i o n s  f o u n d  i n  t h e  A p p e n d i x  w e r e  u s e d  
f r e e l y  i n  t h e  t e x t  a n d  a r e  c o l l e c t e d  h e r e  f o r  e a s y  r e f ­
e r e n c e .  I n  o r d e r  t h a t  t h e  A p p e n d i x  be  s e l f - c o n t a i n e d  we
r e s t a t e  t h e  d e f i n i t i o n  b e l o w .
D e f i n i t i o n : L e t  b e  s e q u e n c e s  o f  n o n ­
n e g a t i v e  r e a l  n u m b e r s  s o  t h a t  a ^  + b ^  = 1 ,  k = l , 2,  . . .  .
L e t  r ,  s ,  a n d  t  be  n o n - n e g a t i v e  i n t e g e r s .  F o r  r  < s a n d  
0 < t  < s - r + 1  l e t
t h e  c o m p o n e n t s  a r e  1 a n d  t h e  r e m a i n i n g  
c o m p o n e n t s  a r e  0 } .
L e t  f : A ( r , s , t )  -♦ R b e  g i v e n  b y
A ( r , s , t )  = ( ( x r , x r + 1 , x J e R s ‘ r + 1  : e x a c t l y  t  o fo
s
T7 tu w h e r e  
i = l
o
F i n a l l y ,  d e f i n e  [ a , b ] ,  = F f ( y ) .
r  y e A ( r , s , t )
58
r,q
F o r  n o t a t i o n a l  c o n v e n i e n c e  i f  s < r  a n d  t ^ o  d e f i n e  
s
[ a , b ] t  = 1 .  
r
s
R e m a r k : N o t i c e  t h a t  [ a , b ] ^  i s  a sum c o n s i s t i n g  o f
r
^ t e r m s ,  e a c h  t e r m  b e i n g  a  p r o d u c t  o f  t  a ' s  a n d  
s - r i l - t  b ' s ,  w h e r e  d e n o t e s  t h e  b i n o m i a l  c o e f f i c i e n t .
r*O
A p r o p e r t y  o f  [ a , b ]  w h i c h  we w i l l  make f r e q u e n t  u s e  o f  
r
i s t h a t
; s s+1
a ’b ! ta s+l 1 la 'b l t+lb s+ I " ! a -b l t+lr
A . 1 : I f  0 <r a^  < 1 a n d  a^  f  b^ =  1 f o r  1 = 1 , 2 ,  . . . , n ,
n  n
t h e n  £ [ a , b ] , = 1 .
j = 0  1  3
P r o o f : We w i l l  u s e  i n d u c t i o n .  The r e s u l t  i s  c l e a r
f o r  n = 1 .  S u p p o s e  t h e  r e s u l t  i s  t r u e  f o r  t h e  p o s i t i v e
i n t e g e r  n .
n+1 n+1
I  [ a ,  b ] .
J=0 1 J
n n+1 n+1
= 2 [ a ,  b ] ,  + [ a , b ] ,
J = 0  1 3 1 n+X
n+1 n  n  n
= [ a , b ] Q j - l a n + l  + [ a ^b ^ j b n + l ^
n+1 




[ a ’ b ’ o b n- , l  + [ a ’ b ] 0 a n + l  + [ a ’ b ! l b n + l
fl n n
* + ^ a ' b }pbn+i  + . . . ♦  j^a,b] ->3.  -jn-l m l
n n
4 a , b  ] b ,, + f a,b J a , ,  ^ Jn n+1 ^ * Jn m l
n n
* : a ' b I J ( b n + l  '  a n t l >J - 0  1
n n 
v I a,b] . 
j - 0  1 J
1 .
A . ° : ! f  0 < -u < 1,  1 f o r  1 - 1 ,  ?, . . . ,  n ,
t h e n
n n n
£ j  I a , b ]  . = I  a , .
J =1  1 J j  = l  J
P r o o f : I f  n - 1, then
1 1  1 
I  j [ a , b ] ,  -  [ a ,  b ] ,  = a  
j = l  1 J 1 1
tuppose the result is true f o r  the positive integer n, then
j
n+1 n +• 1 
I J [a,b] 
J = 1  1
n n+1 n+1
E J [ a , b ]  . + (n+1) [a , b ]  , 
1=1 1 J 1
= Si j ( ^ a , b ] J - 1 a .  + i  + U , b ] J b n + 1 ) , n ,X)la ,bl ria n +1
f a
n n n t l  n
; I 1 1i a , b l  J b n ^ l  h j J 1 J [ a , b ' , J - l a n - a
i ; ;; n n
T. j[ a, b] .b , 4 Y. [a,b] .a
j  = l  1 J n+X j = 0  1 J n J-
n n
‘ . V ( a < b J ,1a n + lJ 1 1
n n n n
v j [ a , b ] . ( b  + a  x ) + y  [ a , b ]  a
J =1  1 J n  -1 n  X j = 0  1 J 1
n
Y, 3 . t 3-
j = l  •' n t l
n+1 
E a ..
J = 1  J
A . 3 : I f  0 < <, 1 a n d  a ^  4 b^  = 1 f o r  i = l ,  2
t h e n
n 0n n  n
E J' [ a ,  b ] . = 2 I  a ,  a  . + E a .  .
J = 1  1 J 1=1 J 1=1
K j ^ n
P r o o f : F o r  n  = 1 t h e  r e s u l t  i s  c l e a r .  S u p p o s e  t h e
r e s u l t  i s  t r u e  f o r  t h e  p o s i t i v e  i n t e g e r  n .  T h e n ,
n+1 p n+1 
1 j [ a ,  b ] 
j = l  1 J
= j f l J ( [ a , b ^ j - l a n + l  + [ a , b ^ j b n + l  
+ ( n + l ) 3 a , b j n a n+1
r,
2 n: J ' 1   ̂ f a ,  b ] . a  . 4 y  j c [ a ,  b 1 ,b
j  0 j  n+1
n n
■V l a »b l j ( a n + l  * b n 4 l '  ' " r
j - 0  1  J n • 1
n n 
f > | a , b  I a
J-0 1 J  11 j ±
1: n
P v a.  a ,  t- y  a .  4 2 y  a .  a , : a
i -  ] 1 J  1 = 1  1 1 = 1  1 n h l  m l
i '■
n
ri41 n f  1
P y + 1. 3. ,  -f 5"! &. •
- 1  1  
L v  j ^ l - i + 1
i ^ i P l  1
A . + : I f  0 • a^ < 1 a n d  a^  + b^ = 1 f o r  i - 1 , 2 , . . . , n ,
Mien
n 0 n n  p n  ? n
v j‘ [a,t] . ( y a ) - I a 4 l a
1 - 1  1 3 1=1 1 1=1 1 1=1 1
n p n  n  n
P r o o f : y J [ a , b ]  . = 2 y  a .  a  + y  a
1=1 1 3 1=1 1 J 1=1 1
i < j £ n
xi ^ O
=( H a . ) -  y  a" + l a . .  
1=1 1=1 1 1=1
A. 3: Assume t h a t
( i )  0 < a ^  < 1 ,  a ^  + b i  = 1 f o r  i = l , 2 , . . . , n ,
( 1 1 )  e n m > 0 f o r  m , n  > 1,  a n d




d l , n  ^  b l * * * b n d l , 0  f j J i a n - j + 1  n _ b ] Od O, n - j
n n
4 T. [ a , b ] n e ,  f o r  n - - l , 2 ,  . . .  . 
i - 1  i + 1  ■L> 1
i r o o f :  ' u p p o s e  n = l ,  t h e n
d l , l  -  a l d 0 , 0 + b i d i , o  4 e l , l
1 1  1 1  
= b l d l , 0  + b W l - j  1 i J i  i | . i , b ] 0 Cl . i
s sume  t h e  r e s u l t  i s  t r u e  f o r  t h e  p o s i t i v e  i n t e g e r  n .
d ,  , ,  < a  , , d A + b nd ,  + e ,  , ,  l , n + l  — n+1 0 , n  n i l  l , n  l , n + l
< a  . d ,  + b , , { b , . . . b  d , „ +— n+1 0 , n  n+1 1 n 1 , 0
n n n n
V  1+i  [ a
j = l n  ^ n - j  +
+ e
+ ^ n - 1 ^ , b ^ 0d 0 n - 1 + ^ [ a ^t>]^e )
- 1 2 ’ ^ i - 1  i + 1  u 1 , 1
1,  n+1
n m l
-  b 1b 2 . . . b n + 1 d 1 ^ 0 + ^ ^ o a n _ j + i n ^ [ + a , b ] 0 d 0 ^ n _ j
n n+1
+ T [ a , b ] Qe 1 ± + e x 
i = l  i + 1  u 1 , 1  ’
n+1 n+1
= b1b2. . •bn+1d1 0̂ + 1̂an+2-jn+f a ' bJ0d0,n+1-j
j = l  dn+ 3- j
 ̂ I «•» ^ J Q̂ -l A
i - 1  i + 1  u x , x
m  1 m  1
+ T [ b ] p.s-. , .
'J\
A. 6; L e t  t h e  a s s u m p t i o n s  o f  A .5 be  s a t i s f i e d .  Then
k k  k -1 k - 1  k
d , y [ a ,  b ] .d j n -*- T* 2 f ^» b ] „ e . . .
J —f  1  ̂ jg=o i = l  i-t 1 m - £ , i
: r o o f :
' t  'k' d : i f  intn < k ,  m ^ 0 ,  n / 0 and  m > n, then
n n n -1  n - t  n
d < y [ a , b ] , d  . ~ -t y y [ a , b ] „ e  . }
m>n ^  1=0 1 J m- J ’ °  4=0 1=1 i l l  1 m- 1 ’ 1
We show t h a t  S -  { 2 , 3 , ^ , . . . ) .  I t  i s  r o u t i n e  t o  c h e c k  
t h a t  2 e S .  We s u p p o s e  t h a t  ke d  a n d  show t h a t  k t l e d .  Assume 
t h a t  m+n < k +1 ,  m /  0 ,  n  /  0 ,  a n d  m > n .  B e c a u s e  2 ed  t h e  
d e s i r e d  i n e q u a l i t y  i s  t r u e  f o r  m-1 a n d  n - - l .  Hence  we 
a s s u m e  t h a t  m /  1 a n d  t h a t  n ^  1 b e l o w .  From t h e  r e c u r s i o n  
r e l a t i o n  ( A .5, ( i i i ) )  we h a v e  t h a t
d ^ < a  d .. , + b d  m , n  — n m-1, n -1 n  m , n -1 m , n
B e c a u s e
( i )  (m-1)  4 ( n - 1 )  = k +  l -  2 = k -  l < k ,
( i i )  m -  1 /  0 ,  n  -  1 /  0 ,  a nd
( i i i )  m -  1 > n -  1,
we h a v e  f r o m  t h e  i n d u c t i o n  h y p o t h e s i s  t h a t
n - 1  n - 1
d™ i v, i < E [ a , b ]  .& , , nm - 1 , n - 1  1—0 1 J *
n -2 n - l - j t  n -1
+ ^ ^  ̂ em - l - £  ii=0  i = l  i +1 1 m 1 1 , 1
r.i
A 1:10 SilHn.'
( i ) m ■ vn - 1 ) k + 1 -  1 -  k ,
( 11)  m / U, n - 1  /  0 ,  a n d
i  i ii ) m _ n n - 1 ,
w ■ h a v v  t h a t
;i-l n-1 n-1 n-l-£ n-1
d , y ' a , b 1 . d , ~ -t y y i a , b j „ e . .in, n-1 j-0 1 Z—0 i-1 iii m-£,i
I h u s ,
d ■: a  d , , + b d -> f em ,n  — n m - 1 , n - 1  n  m , n - 1  m ,n
n - 1  n - 1
<r a  ; y [ a,b ] , d  ,  . ~-  n j j_0 j  J m - 1 - j , 0
n - 2  n - 1 - /  n - 1  
I  T [ a , b ] , e  , „ . )
1=0 1^-1 i t  1 1
n - 1  n - 1
*■ b < y [ a , b ]  .d . r,
n J--=0 1 J  m- J ' °
n - 2  n - 1 - /  n - 1  
+ E y [ a , b ] . e  . .} + e ^
1=0  1=1  i + 1  m - / , i  m , n
< b n ^ a »b ] o dm , 0  + J f 1 f a n [ a , b  ̂J ' - l  + b n [ a , b ^ j }dm - j , 0
n - 1  n - 1  n - 1
+  a [ a , b ]  n d  +  b  y  j a , b ] „ en ij * J n - 1  m-n,  0 n . . . * J 0 m, l1 ’ i = l  i + I  ’
n - 2  n - 1 - /  n - 1
f e + y b  y [ a , b ] „ e  „ . m, n ^  n J /  m - / , i
n - 3  n - Z - 2  n - 1
+ I  I  l a ' b ^ em - l - /  i  1=0 i = l  i + 1  * m a z , i
n - 2  n - 1  
+ a y [ a , b ]  , e  ,
n t= 0  n - i  1 n - l - i
r>L
-  0 4 | a , b ' j dm - j , 0  ' [ a , b ^ndm - n , 0
n n
+ y I a ,  b j' e . t y. [ a . b ]  , ne . . .  n „
i - 1  1 , 1  0 r" - i  £= 0 n - £  V 1  " > - l - l , > - l - t
n - f  n - l - i  n - 1  n - 1
* y y : a  f a . b ]  „ , -4 b | a ,  b ] „ }e
i  i  i - i  ni , i  ‘ -1 nm  * m- {’1
n n n n
^  ,  b  ] j d  -f O  ̂ ^  [ a ^ ] n e ,n i
j - 0  1 J m - J ’ °  1=1 i + 1  0 m’ 1
n - 2  n - l - £  n n - 1  n
4 L y  [_ £t,  b  j g  « j  4  y [ a , b ]  e
l - l  1 = 1 i + 1  1 m~1 ’ 1 1 = 1 n - H - 1 )  1
n n n n
y  o 4  ̂ â ,b Ôem 1J--0 1 <J m J>u 1 = 1 1 ) 1  u m' a
n - 2  n - l  n n
i y y I a . b j  e . . t l a . b j  , e , ,
1=1 i - 1  i + 1  1 m~ £ >1 I  n_1
n n n - 1  n - l  n
y  [ajt»] jd . q 4 y y  i*
j = 0  1 J m 3 , u  1 = 0 1=1 m  1 m
k - l e d  a n d  A .C i s  p r o v e d .
A . 7 : L e t  t h e  a s s u m p t i o n s  o f  A . 5 be  s a t i s f i e d .  Then
m n n n
d < I  [ a . b ] . d  . „ + Sa . n [ a . b ]  , d„ .
m’ n -  j = 0  1 J m- J ' °  J=m  ̂ n - j i  ? “ - 1 ° ' n- J
m-1 n - k  n 
+ y  y  [ a , b ] e  . . f o r  1  <  m <  n .
k=0 i = l  i + 1  K m" K^ 1
■ r o o f : L e t  S d e n o t e  t h e  s e t  o f  p o s i t i v e  i n t e g e r s  k  
s u c h  t h a t  i f  m-tn <" k, m /  0 ,  a n d  m < n ,  t h e n
'•7
in 11 n n
Y v | a , i ■ ) d ) y a  . , i a , h | n d ,. ,
-  3 r, 1 J j.„m n- J  1 , :■ '"-1 ° > n -  )
i r —1 n - k  n
' y  [ s . ,  i i !,  6 , . ... , 1 ; 1  k  m-k ,  i
• •• show t h a t  ' 3 ,^i ,  . . . }  . f t  i s  r o u t  in* • t o  e h o c k  t h a t
■ . We s u r p o s e  t h a t  keS  a n d  show t h a t  k-t l e d . Le t
m u .  k * l ,  :n /  0 ,  a n d  m < n .  I f  m -■ 1 t h e n  d ,  s a t i s f i e s— — 1,  n
t h ' t  d e s i r e d  i n e q u a l i t y  by  A . b .  I f  m -  n t h e n  d s a t i s f i e sJ m , n
ti io d e s i r e d  i n e q u a l i t y  f r o m  A . 6 .  We t h e r e f o r e  a s s u m e  t h a t
m /  1 a n d  m /  n .  i r o m  t h e  r e c u r s i o n  r e l a t i o n  we h a v e  t h a t
d ■ a d  -» n a  b d t a  e m, n — n m - 1 , n - 1  n m, n - 1  m, n
We w a n t  t o  u s e  t h e  i n d u c t i o n  h y p o t h e s i s  on  t h e  t e r m s
, , a n d  d , ,  a n d  s o  we c h e c k  t h a t  b o t h  m - 1 , n - 1m - 1 , n - 1  m , n - 1 *  *d
a n d  m , n - l  s a t i s f y  t h e  d e s i r e d  r e l a t i o n s .
( i )  ( m-1)  a ( n - 1 )  < k a l - 2  = k -  l < k ,
( i i )  m -  1 /  0 ,  a n d
( i i i )  m -  1 < n  -  1 .
Thus ,
m-1  n - 1
dm - l , n - l  ^  j f 0 a U l j  d m - l - J , 0
n - 1  n - 1
+ y  , [ a , b ]  0 d„ , ,
J=m-ln- J n+ l - j  m- 2
m-2 n - l - k  n - 1
+ I  v [ a »b ] k em_ i  k i -k=0 i = l  i a l  k m i  k , l
r,8
A I s o ,
( i ) m -+ ( n - 1 )  < k ,
( i i ) m 7̂ 0 ,  a n d
( i i i ) m < n - 1  s i n c e  m < n
t h u s ,
m n - 1  n - 1  n - 1
d
j  = 0 1 <j 111 u j =m “  J m i - j
, < y f a ,  b 1 , d  . „ -+ 7 a  . f a ,  b j n d„ , .
m' n - 1 -  .1-   J m- J - °  ,1  n- l - . 1  m- 1
m-1 n - l - k  n - 1
+ ^ ^ b ] k’e m-k ik=0 i - 1  1 t 1 k m k , l
T h e r e f o r e ,
d < a d n n + b d  i + e m,n  — n m - 1 , n - 1  n m, n - 1  m , n
m-1 n - 1
a  7 I a ,  b ] , d  n .
-  i  J  m - 1 - j , 0
n - 1  n - 1
t a  l a  . [ a . b ]  0 d n n .
n j = m - l n - J n + l - j  m- 2 ° > n - l - j
m-2  n - l - k  n - 1
+ a 7 7 [a^b]kem-l-k ik=0  i - 1  i  + 1 k m l  k ,  i
m n - 1
+ b 7 [ a , b ] , d
n - 1  n - 1
+ b 7 a  . [ a ,  b ] , d,, , .
nj=m n- J r H l - j  n" 1
m-1 n - l - k  n - 1
t b 7 v [ a ,  b ], e , . • <-■
n k - 0  i - l  1 . 1
n - 1
b f a ,  b ] „d _ n  ^ , J 0 m, 0
m n - 1  n - 1
J f i a 4 a ' b J J - 1  + ^  i a ’ b l J ) d m - j , 0
ncj
n - 1
a a  a  f a . b ]n n-m+1 , n * Jm-2 0 , n - mn - ra f ?  ’
n - 1 n - 1 n - 1
; 7 a . a  I a ,  b ] 0 4 b a ,  d j ,1 1,. . .. m n - j  n . ’ m-2 n i. ’ Jm- 1 '  0 , n - l - jJ=m ° n t l - j  n + l - j  * °
n - 1  n - 1
* 7 b f a ,  b j ,e . a e
i _ l  n i ^ i  0 m , i  m,n
m-P n - 1
a a^  7 [ a , b  1 . e  , . , .
1=0 n - i  1 ri- X
m-1 n - l - k  n - 1  n - 1
t 7 7 ( a  [ a , b ]  , t b [ a , b ]  }e .
k = l  1=1 n i 4 l  K 1 n i + l  k m_k’ 1
m n
7 [ a ,  b ] ^d_ J ^ a a
j = 0
n
' Cin - m a l n _ ^ ^ b ^ m - l d O, n-m
n - 1  n
♦ 7 a^  [ a ,  b ] , d.
n n m-2 n
m-1 n - l - k  n
+ 1 1 [ a > 1 k e m-k  ik = l  i - 1  141 k m k , i
m n n n
7 [ a . b ]  .d . _ a 7 a  . , [ a . b ]  , d~ .J=0 { JJ "1- J . O  J=m n -J+ ln+2_j Jm-1 O . n - j
m-1 n - k  n
+ 7 7  ^a , b ^ k e m -k  1*k=0 1=1 i a l  k m k # i
A . 8 : I f  0 < a ^  < 1 a n d  a^  a b^  = 1 f o r  i - 1 , 2 , . . . , n ,
t h e n
n - 1  k  n n n
7 7 a .  a . ,  [ a , b ] n = 7 ( j - l ) [ a , b ] ,  f o r  r i = 2 , 3 ,  . . .  .
k = l  j = l  J K+-Lk a 2  u j = 2  1 J
P r o o f : I f  n = 2,  t h e n
1 k
v y a,a. ,  , [ a ,  b ] ~ a , a 2 [ a , b ] „  a , a , ,,
k- - l  j : - l  J k , 1 k+2 0 1 2 3 °  1 '
ar..i
v ( j - 1 )  j a ,  b j [ a ,  b ] n -  a  a 0
o  1  J  1  1 1  '
Thus  t h e  r e s u l t  i s  t r u e  f o r  n -  2 .  T u p p o s e  t h e  r e s u l t
i s  t r u e  f o r  t h e  p o s i t i v e  i n t e g e r  n .  Then
n k m l
y  y  a , a ^  ^  [ a ,  b ] q
k - 1  j = l  J k-+ 2 u
n - 1  k m l  n m l
— i f a  -j [ a , b  ] ~  ̂ y a  , a  | a ,  b ] q
k - 1  > 1  J k+ 1 k+2 0 1=1 J m  2 0
n - 1  k n n
k - 1  j  = l  J k 1 k s 2  0 n 1 j  = i  J r H l
j z72 ( j b n + l  ■ f_a , b J j a m l
n n  n+1 n
“ j ! ' 2 ( J ' 1 ) i a , b l J bn+1 + j f a ( J ‘ 1 ) [ a ’ b l J - l a n t l
-  j J p ( J - 1 ) ! [ a ' b ) j b n + l  +
n
+ n F a . b ]  a  _^ * n n+1
n4 1 n+1
= y  ; j - 1 )  [ a , b ]  , .
J = 2 1 J
T hi s  p r o v e s  t h e  r e s u l t  f o r  n + 1 .
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A . 9 : I f  0 v < 1 a n d  i b^  - 1 f o r  1- 1,  ?,  . . . ,  n ,
t h e n
1 k m 11 m * 1 mo 1
7 !•' a  a  [ a ,  b ] -  y ( j - m )  [ a , h i .
k - 1  j  1 J k  Xk ^ 2  111-1 j - m t l  1
f  j f  ;r. 1 ,  2 , 1 ,  .  .  . ,  n .
I r o o f :
1 k mo1
y y a  .a, , [ a ,  b J n
k - i  j = i 3 k f l k k ?  m- 1
mo1
-  a ,  a „  | a ,  b ] ,1 2 ^ *  Jm-1
mo 1
- i a ’ b l m+i
mo 1 m+1
y ( j - m )  [ a , b ] . .  
j - m o l  1 J
A. 1 0 : I f  0 < a ^  < 1 a n d  a ^  + b^  -  1 f o r  i = l , 2 , . . . , n ,
t h e n
n-m k n n  n
y y a  . a, 4, [ a , b ] , — y ( j  —m) [ a , b J .
k - 1  j - i  J k , ± k o2  m - i  j = m + l  1 1:5
f o r  i i r - 1 , 2 , 3) • • . j n .
I r o o f :
L e t  L - ( £eN : I f  man < I ,  m < n ,  a n d  m f  0 ,  t h e n
n-m k n n n
y , a j a k k l j y b l m - l  -  . 7 i j - m ) [ a , b !  } .
k - 1  j - 1  J ko2  ,1-m * 1 1 d
V. ; 1 J h> >w i.ii'i ' « V V o  • • • I • I t  i:; (,as,;. t ,,
f ■'c ;’ . W -• s u p p o s e  t h a t  i e o  and show ( .hat  I  < 1 c ;
Assume tha t ,  iron I  * 1,  m e n ,  and in / o .  i- rom A. .•
■ e e . u e e  i  i v e l y , we h a v e  t h a t ,  i f  n, 1 >r i f  
t ■!•-*:: t : v ■ ni-oyo e j u a l i  t y  h o l d s .  H e nc e ,  asr .umi i.v f!
r  / 1 aid :n -t l  i t  is. n o t  h a r d  t o  s e e  t h a t
I t -mi-ff i  k £-m I -m £-m
, f  d ,  a, ; 'V l  ' a' b | m-l '  . * (j-m) i a' H .rk-1 j 1 k * 2 j  -m +1 1 J
and  t h a t , ,
£ - m ) - ( m - l )  k i - m  I - i n  I -
, f  5A h1 ' p b l m-;' ‘ r  - J- im-l )!  !
k---l j - 1  k + 2 j=m 1
A Is. o ,  n o t e  t h a t
k £-m
r  r  a i a ir-pi t a >b ]
k - 1  j = l  3 K 1 k+2 m-2
I  -  2m k I  -m
Y Y a -]a v-f-i [ a J b ] m_ p  
k = l  j = l  J k+2 m d
j t -2m+l  i -  m
t  I  a 1a £-2m+2  ̂ a , b -^m-2
J = 1  3 1 £ - 2m+ 3
Now we show t h a t  £ + l e S .
! + l - 2 m  k £ + l - m
r
k = l j=r i a J a k + 1  K i s 3 ' " 1” - 1
£-2m k  £ + l - m






a ,  b ] ^ .
7 3
£ + l - 2 m  £ + l - m
t 7 a  •)a # + 2-2m ^j =1 j  £+^ ^ n £+3_ ?m m j.
£ -  2m k £ -m
7  7  a  .a, , , -r [ a ,  b] „a„  ,
k- 1 j--i J ^ +1 2 . 7  ^ 1-m
£-m
i f a ,  b ] , b ,  . i k ' 2  m-1 £- t l -mj
£ + l - 2 m  1-m
1 7  a . a ,  _ „ f a . b l  ,j  = l  j  ̂ 4 2 - ^ m je+3_ 2m m-1
£-2m k £-m
7  7  a  .a, , f a ,  b J , b . ,
k i i  j , i J k+1kis  m- 1 ^ 1-m
£ -  2m k £-m
* 7 7  a  .a,  , [ a ,  b ] , , a „ ,
K-1  j - 1  J kt a ’ ">-■ t a - m
£ f l - 2 m  £ + l - m
■ F. a i a #-tr) om [ a ) b ]  -]
j - 1  J i j c ~ £ + 3-2m m 1
£-m £-m
7  ( j - m )  [ a , b j  b 
j = m + l  1 j  m
( £ - m ) - ( m - l )  k £-m
-t- 7  7  a  .a. _ I a ,  b J 0  a
K - i  j = i J k + 1 K «  m- 2
£ - 2 m + l  £-m
F a -ja f-|_7_2m  ̂ a * b J m - 2 a £-f 1j - 1  J ^  £ + 3 - 2m m " £41
£ - 2 m f l  £ + l - m
4 5? a 1a £+p_2m [ a ' b ] m - lj  = l  J Z4'- ^  £+3-2m m -1-
£-m £-m
F v j - m )  [ a , b  J b j-m^l 1 j  £+-L m
£-m £ _ m
♦ 7 ( j - ( m - l ) ) [ a , b ] , a
j - m  1 J Z+-L_m
£ + l - m
-m
a n d  £
/■
£-m i - m  £-m
£-m
< ; £ - ?mt  1) I a , b ]  . a^ £-m £ i l - m
I, —in 4*1-in
V ( j - m  's i a, b J 
j  --m * 1 1 .1
1 - n .
j e - y m d ) I I 1-ri:
I Kl-m I 11
y ( j - m  i | a , b  J . 
j  m i l  1
A . 1 1 :  I f  u - a .  • 1 a n d  a .  t b .  - 1 f o r  i  1 , : n,-------- l —
t a^, i . . .  i a  -• m, t h e n
n n m n
T ( j - m )  [ a ,  b ] - y ( m - j ) [ a , b ] .  
j - m + 1  1 J j  0 a. J
r o o f :
m n n n
y ( j-m) [ a , b ] . + I  ( j - m ) [ a , b ] . 
j - 0  1 J j=m-t l  1 J
n  n
y  ̂j - m ) f  a , b ]  . 
j = 0  1 J
n n n n
T. J t  a , b ]  . -  m y [ a , b ]  
j - 1  1 J j = 0  1
n
y a .  -  m 
j - 1  J
-  0 .
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a n d
A . 1 2 : I f  0 < a i  < 1 a n d  + b^  ••= 1 f o r  i ~ l , 2 ,  . . . , n ,
a ,  + a 0 t-. . . t a  = m, t h e n  x c- n
m n
I  ( m - j )[ a ,  t>] 
J---0 1
n n - j  n
j=m k - 1  u n - j - t 2
P r o o f :
m n
L e t  s ,  -  y_ ( m - j )  [ a , b ]  , ,  
j  = 0 1 3
n n - j  n
s o = T. E a  a  [ a , b ]  ,
^ j=m k = l  k n “ J +1 n - j + 2  111-1
n-m k n
So = £ I  a i a ir^i [ a , b Jm v  an d
J  k = l  J = 1  3 k  1 k+2 m" x
n n
Jj. = E ( j - m ) [ a , b j  . . 
j - m + 1  1 3
F rom A. 1 1 ,  = s ^ ,  a n d  f r o m  A. 1 0 ,  =■ . C h a n g i n g  t h e
i n d e x  o f  s u m m a t i o n  i n  i m p l i e s  t h a t  s ^  = s ^ .  Thus  
s-^ = S|| = a nd  t h e  e q u a l i t y  i s  e s t a b l i s h e d .
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